Stringy Hodge numbers for a class of
isolated singularities and for threefolds
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Abstract

Batyrev has defined the stringy E-function for complex varieties with at most log terminal
singularities. It is a rational function in two variables if the singularities are Gorenstein. Fur-
thermore, if the variety is projective and its stringy E-function is a polynomial, Batyrev defined
its stringy Hodge numbers essentially as the coefficients of this E-function, generalizing the
usual notion of Hodge numbers of a nonsingular projective variety. He conjectured that they
are nonnegative. We prove this for a class of ‘mild’ isolated singularities (the allowed singular-
ities depend on the dimension). As a corollary we obtain a proof of Batyrev’s conjecture for
threefolds in full generality. In these cases, we also give an explicit description of the stringy
Hodge numbers and we suggest a possible generalized definition of stringy Hodge numbers if

the E-function is not a polynomial.

1 Introduction

1.1. The stringy E-function is an interesting singularity invariant, introduced
by Batyrev. In [Bal] it is associated to complex algebraic varieties with at most
log terminal singularities, and it is for instance used to formulate a topological
mirror symmetry test for Calabi-Yau varieties with singularities.

In order to define this invariant and to recall an intriguing conjecture of
Batyrev, we quickly review Hodge-Deligne polynomials and some birational ge-
ometry.

1.2. We work over the base field of complex numbers; a variety is assumed to be
irreducible. We will denote the (singular) cohomology and compactly supported
cohomology with coefficients in C of an algebraic set X by H*(X) and H?(X),
respectively.
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When X is smooth and projective, its cohomology H*(X) = H!(X) carries a
pure Hodge structure of weight i. Its Hodge numbers h??(X) are given by the
dimensions of the (p, ¢)-Hodge component of H?T4(X). They satisfy the following
symmetry and Serre duality:

WX = 1P(X) = WP (X), 1

where d is the dimension of X.

For an arbitrary X we have that H’(X) carries a mixed Hodge structure, see
for example [Del], [De2], [Sr]. We denote its (p,q)-component by HPY(H!(X))
and the dimension of the latter by h??(H’(X)). Note that here also for other
i, besides p + ¢, we can have a nontrivial (p,q)-component. One defines the
Hodge-Deligne polynomial H(X;u,v) € Z[u,v] of X as

H(X)=H(X;u,v) =Y [Z(—Uihpﬂ(Hg(X))] uP,

p,q=0 Li=0

where again d = dim X. It is a generalized Euler characteristic; so for a closed
algebraic subset Y C X, H(X) = H(Y) + H(X \ Y), and for algebraic sets X
and X', H(X x X') = H(X) - H(X"). Returning to a smooth and projective X,
the symmetries and dualities (1) are translated in terms of H(X) as

H(X;u,v) = H(X;v,u) and H(X;u,v) = (w)'H(X;u v, (2

The first equality is still true for arbitrary X, but the second in general not.

1.3. A normal variety X is called Gorenstein if its canonical divisor Kx is Cartier,
and Q-Gorenstein if 7K x is Cartier for some r € Z~. (Note that for instance all
hypersurfaces, and more generally all complete intersections are Gorenstein.)

Let X be Q-Gorenstein. Take a log resolution ¢ : X — X of X,ie pisa
proper birational morphism from a smooth variety X such that the exceptional
locus of ¢ is a divisor whose irreducible components D; are smooth and have
normal crossings. Then we have 1K —¢*(rKx) = Y, b;D;, with b; € Z. Usually
this is formally rewritten as Ky — ¢*(Kx) = >, a;D;, where a; = b? The
divisor K XX = Kg — ¢*(Kx) is called the discrepancy divisor of ¢, and a; the
discrepancy of D;.

The Q-Gorenstein variety X is called terminal, canonical and log terminal if
a; > 0, a; > 0 and a; > —1 for all i, respectively (this is independent of the
chosen resolution). Such varieties have ‘mild’ singularities and show up in the
Minimal Model Program.

1.4. Definition [Bal]. Let X be a log terminal variety. Take a log resolution
¢ X — X with irreducible components D;,7 € T, of the exceptional divisor.

For I C T, denote D; := MierD; and D7 := Dy \ (Ujer\1D;); so in particular
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Dy = X. We have the standard stratification X = [1;cr D7 into locally closed
subsets. The stringy E-function of X is

. uv — 1
Est(X):EstXuv ZHDDUUHW’
Icr el

where a; is the discrepancy of E;. Batyrev proved that this expression is indepen-
dent of the chosen log resolution by means of motivic integration. (Alternatively,
one can use the Weak Factorization Theorem of Abramovich, Karu, Matsuki and
Wiodarczyk from [AKMW].) Concrete computations of the stringy E-function
in special cases can be found in [Da] and [DR], but pay attention to the errors in
the latter, as explained in [Sch].

Remark. The following first three statements are clear. The fourth is an easy
calculation [Bal].

(i) If X is smooth, then Eu(X) = H(X). If X admits a crepant resolution

¢: X — X, ie. such that K x =0, then Ey(X)=H(X).

(ii) If X is Gorenstein we have that all a; € Zo. Then Ey(X) is a rational
function in v and v, more precisely it is an element of Z[[u, v]] N Q(u, v).

(iii) Just as Hodge-Deligne polynomials, stringy E-functions are symmetric in u
and v: Eg(X;u,v) = Egx(X;v,u).

(iv) An alternative expression for Fg(X) is

Eq(X;u,v) = ZHD[,UU HM

i+1
ICT el (uv)al 1

1.5. Theorem. Let X be a projective log terminal variety of dimension d. Then
Ey(X;u,v) = (u)?Ey(X;u™tv™h).

This is an easy consequence of the alternative expression for Fy(X) above,
using the similar equality (2) for Hodge-Deligne polynomials of the smooth pro-
jective varieties Dy [Bal, Theorem 3.7].

1.6. From now on we consider only Gorenstein varieties X. Since then all
discrepancies are integers, we have that the conditions canonical and log terminal
are equivalent.

Assume now that for a Gorenstein canonical projective X of dimension d
the rational function Fy(X;u,v) is in fact a polynomial > b, ,ufv?. (An in-
tuitive formulation of this assumption is perhaps that X is close to admitting a
crepant log resolution). Then Batyrev defined the stringy Hodge numbers of X
as h%(X) := (=1)"*,,. Note as a motivation that



(a) when X is smooth we have h%?(X) = hP4(X) since then Ey(X) = H(X),
(b) by Remark 1.4 (iii) we have hL?(X) = hZP(X),

(c) Theorem 1.5 yields that A%?(X) can be nonzero only for 0 < p,q < d and
that A7(X) = BP0 (X),

(d) looking at the expression for Fy(X) in Remark 1.4 (iv) we have clearly
h (X) = 1.

So the classical properties of Hodge numbers for smooth projective varieties
are still satisfied by Batyrev’s stringy Hodge numbers for Gorenstein canonical
projective varieties with a polynomial stringy E-function. But there is one seri-
ous problem: it is not clear that they are nonnegative !

Conjecture [Bal, Conjecture 3.10]. Let X be a Gorenstein canonical projective
variety. Assume that Ey(X;u,v) is a polynomial. Then all stringy Hodge num-
bers h%,?(X) are nonnegative.

1.7. The conjecture is trivially true for varieties that admit a crepant resolution
(see Remark 1.4 (i)). This is the case for all canonical surfaces, which are exactly
those with two-dimensional A-D-E singularities. (In [Ve2] there is related work
on Q-Gorenstein log terminal surfaces.)

In higher dimensions other results are rare. The first author settled the case
of A-D-FE singularities of arbitrary dimension. In [Sch]| he was able to prove quite
elegant concrete formulae for their stringy E-function, obtaining the following as
a corollary.

Theorem. Let X be a projective variety of dimension at least 3 with at most A-
D-FE singularities. Its stringy E-function is a polynomial if and only if dim X = 3
and all singularities are of type A, (n odd) and/or D, (n even). In that case,
the stringy Hodge numbers of X are nonnegative.

1.8. In this paper we prove the following theorem (see Theorem 3.1).

Theorem. Let Y be a projective variety of dimension d > 3 with at most iso-
lated Gorenstein canonical singularities. Assume that Y admits a log resolution
f: X — Y with all discrepancy coefficients of exceptional components > Ld%ﬂ.
Write Eq(Y;u,v) as a power series ), i qbiju'v’. Then (—1)"b;; > 0 for
147 <d.

In view of 1.6 (c) this implies nonnegativity of the stringy Hodge numbers
for such varieties Y if they have a polynomial stringy F-function. As a corol-
lary one can prove the analogous statement for arbitrary projective threefolds



with Gorenstein canonical singularities (Corollary 3.2), and thus one obtains a
proof of Batyrev’s conjecture for threefolds in full generality. It is interesting
that the somewhat mysterious polynomial condition on the stringy E-function in
Batyrev’s conjecture can be dropped in the cases of the theorem and the corol-
lary. This suggests to use the numbers b; ; in these cases to generalize Batyrev’s
stringy Hodge numbers (Remark 3.3 (ii)). In addition we also give an explicit
geometric description of these numbers b; ; (and thus in particular for the stringy
Hodge numbers if they are defined) as dimensions or sums of dimensions of Hodge
components of certain cohomology groups (Propositions 3.4 and 3.5).

Acknowledgement: We wish to thank Joost van Hamel for helpful discussions
about the proof of Theorem 3.1.

2 Preliminaries

2.1. We will use the following result of de Cataldo and Migliorini in a crucial
way. By H*(-) we still mean singular cohomology with coefficients in C.

Theorem. Let Y be a projective variety of dimension n with at most isolated
singularities. Let f : X — Y be a resolution of singularities with X projective,
such that f : f~1(Y,s) — Y, is an isomorphism, where Y,,, is the nonsingular part
of Y, and such that f~1(y) is a divisor for every singular point y € Y. Denote by
D the total inverse image of the singular points. Then the map H'(X) — H'(D),
induced by inclusion, is surjective for ¢ > n.

The proof of this result for n = 3 and for one singular point is given in [dCM2,
Theorem 2.3.4]. From this proof it is clear that it works for any dimension and any
number of singular points, but for completeness we include the argument anyway.

Proof: We embed Y in a projective space P" and we take a generic hyperplane
section Yj (so this hyperplane section is smooth and does not contain any singular
point of Y). Consider the inverse image X, := f~!(Y;) and denote Y\ Y, by Y
and X'\ X; by Xj. Let Ys be the normalization of Y. Then Yj still has isolated sin-
gularities and the map f : X, — Yp factors through Y. Denote the map X, — Y,
by f. Because Yj is affine, H*(Y;) = 0 for i > n (this was probably first proved by
Kaup in [Ka]). The sheaves R*f,Cy, are skyscraper sheaves above the singular
points for k > 0, so they are flasque and H7(Y,, R*f,Cx,) = 0 for k,j > 0. The
Leray spectral sequence for f (given by EY? = HP(Y,, R1f,Cx,) and abutting
to H*(Xy,C)) gives then an isomorphism H'(X,) = H'(D) for i > n, because
Ey' = E% = H'(D) and because E?? = EP4 =0 for p > 0 and p+ ¢ = i. There
is also a surjection H"(Xy) — H"™(D) because ES™ = E%" = H™(D). Proposi-



tion (8.2.6) from [De2] states that the image of H(X) in H'(D) is equal to the
image of H'(X,) in H*(D), and thus the result follows. ]

The following corollary is immediate from the theorem, see also [dCM1, Corol-
lary 2.1.11]. It was already proved by Steenbrink in [St, Corollary (1.12)] for the
case where D is a divisor with smooth components and normal crossings.

Corollary. The a priori mixed Hodge structure on H'(D) is pure of weight i for
1> n.

2.2. We also need the construction of the mixed Hodge structure on the coho-
mology of an algebraic set D with smooth projective irreducible components and
normal crossings. This can be found in [KK, p.149-156]. The construction is as
follows. Denote the irreducible components of D by D;,;i € I = {1,...,a} and

put for j > 0
pY:= [ D,
JcI
=51

where D; = NicsD;. So all D) are smooth and projective, and we write A*(D®))
for the C*-differential i-forms with values in C on D®. The inclusion map
D®) s D&*=1) defined by mapping D;, N ... N D into D, N---ND;_, N
Di ., N...N D, is denoted by (5l(k). There exists a spectral sequence {E,, d, },
abutting to H*(D) and degenerating at the E, level, with Ef? = A¢(D®)) and
dy : EPY — EP*™ given by differentiation of forms. Then EP? is H9(D®); and
dy : EM — EP™H s defined by Zf:f(—l)l(él(pﬂ))*. There is a pure Hodge
structure of weight ¢ on E¥"?, and d; is a morphism of Hodge structures, so E5
inherits a pure Hodge structure and this provides H*(D) with a mixed Hodge
structure.

Tht1

3 Main results and corollaries

3.1. Theorem. Let Y be a projective variety of dimension d > 3 with at
most isolated Gorenstein canonical singularities. Assume that Y admits a log
resolution f : X — Y with all discrepancy coefficients of exceptional components
> &2, Write Ey(Y;u,v) as a power series D im0 bigu'v?. Then (—1)™b; ; > 0
fori+ 5 <d.

Remark.

(i) In particular, if the stringy Hodge numbers of Y are defined, then they are
nonnegative in this case, in view of 1.6 (c).



(ii) It is not very difficult to see that, if satisfied, then the condition on the
discrepancy coefficients does not depend on the particular log resolution.

(iii) For d = 3 there is no extra condition on the discrepancy coefficients (since
we already assume that Y is canonical) and for d = 4 or 5 the condition
means that Y has (isolated Gorenstein) terminal singularities.

Proof: Let us first handle the case where d > 4. Choose a log resolution
f : X — Y that is an isomorphism when restricted to f~(Y,s) and denote
the irreducible exceptional components by D;,l € I = {1,...,a}. Denote the
discrepancy coefficient of D; by a; and put D := Ujc;D;. Consider the alternative
formula 1.4 (iv) for the stringy E-function:

uv — (uv)at!

Eq(Y) =) H(Dsuv)]] )i =1

JCI leJ

and write this as a power series Y, ..o b; ju'v’. It suffices to prove that (—1)""/b; ;
>0 fori>jand i+ 7 < d. We denote the Hodge-Deligne polynomial of X by
> i Ciguv? and for J C I,J # ) we denote the Hodge-Deligne polynomial of D,

v—(uv)@ 1

by . . ¢/ uivi. The power series development of u(uv)(aT—l for a; > 0 is equal to

iv] 17-7

(’LLU o (uv)alJrl)(_l o (,Lw)aﬂrl _ (uv)2a1+2 . (uv)3a1+3 . )

= —uv + (uv)az-‘rl _ (uv)az-‘r? + (uv)2a1+2 . (uv)2a1+3 4.

Since we assume the given lower bound on the a;’s, we can write b; ; for i +j < d
and ¢ > j as

j
bij=cij+ Y (-1 ¢y, x+ Rij
k=1

JCI
|J|=k
where
( I P o
Yo i=la cé(}) if dis even and i = j = 4,
aj=d/2—1
> 1 if s odd and i = j = 41
I=1,..0 Coo ifdisoddandi=j= %2,

Ri,j =4 a;=(d—3)/2

S et A ifdisodd and i = EL = 4=

0 otherwise.

In any case, R;; has got the right sign, so it suffices to study the rest of the
formula for b; ;. We rewrite it as follows, using the symmetry of usual Hodge

numbers: '
j
k J
Cd—i,d—j“‘E (1) E Cd—i,d—j-
k=1

JCI
|T[=k



Set ¢ = 2d — i — j and look at the {E¥, d;}-term of the spectral sequence from
2.2, for all p. This gives a complex:

H‘](D(O)) N Hq(D(l)) N Hfl(p(i—l)) =0.

Here HY(D®) = 0 since D has dimension d — i — 1. The cohomology of this
complex is given by Eo? to E2 "%, These are subquotients of H(D) to Ht~1(D)
respectively. By purity of weight r of H"(D) for r > ¢ (Corollary 2.1), E;* up to
E;_l’q must be zero! This means that the complex is exact. The purity of weight
q of HY(D) itself implies that H9(D) = ker(H?(D®) — HI(DW)). So we get an
exact sequence where all arrows are morphisms of pure Hodge structures:

0 — HYD)— HY(D®) — ... - DIV} - 0.

We apply the exact functor H9"4~7 and note that H4=»4=7(H9(D®))) = 0 for
s=4,...,i—1since D® has dimension d — s — 1. Counting the dimensions of
the resulting exact sequence of vector spaces gives

dim Hd—i,d—j(Hq(D)) _ Z(_1>k+1 Z (—1)2d_i_jcg—z’,d—j'

k=1 JcI
\T|=k

The surjectivity of the morphism of Hodge structures HY(X) — H9(D) from
Theorem 2.1 translates by applying H% 477 to

J
(“D* Heaiay 2 Y (CDM Y (=DM el
k=1 Ijlgk

and thus (—1)2"77p; ; = (—1)"b; ; > 0.

For d = 3 it can happen that some a; are zero. We can express the b, ; as
follows:

(Do = coo=12>0,

bl,o =C10 <0,

b2,0 =C20 >0,

bso = c30 < 0,

bi1=ci1— lel;.é.(.),a C({)f(]; = C22 — Zl:l’;‘da Cég’

aj ag

bog = C21— D i=1,...a ng =Ca1— Y =1, Céli

\ a;#0 a;7#0

An analogous reasoning as above gives here that H*(D) = &% H*(D;) and
H3(D) = &%, H*(D,). Using the surjectivity of H(X) — H*(D) for i = 3,4 and
applying the functors H*?, respectively H*!, immediately gives that b;; > 0 and



by1 < 0. m

Example. In particular, the above theorem and Batyrev’s conjecture are true
for fourfolds and fivefolds with isolated Gorenstein terminal singularities.

3.2. The problem in the following corollary is that the singularities can be non-
isolated.

Corollary. Let Y be a projective threefold with at most Gorenstein canon-
ical singularities. Write Eq(Y;u,v) as a power series ), . bi ju'vi. Then
(=1)"b;; > 0 for i + j < 3. In particular, Batyrev’s conjecture is true for
threefolds.

Proof: The main theorem of [Rel]| states that there exists a projective variety Z
with terminal singularities and a projective birational morphism ¢ : Z — Y that
is crepant. It follows then from [Bal, Theorem 3.12] that Fy(Z) = Eg(Y). Since
terminal singularities in dimension 3 are isolated (see for example [Ma, Corollary
4-6-6]), the corollary follows immediately from Theorem 3.1. |

3.3. Remark.

(i) Tt is not true in general that (—1)"7b; ; > 0 for 0 < 4,5 < d, as is shown by
the following example (same notation as in the theorem above). Consider
the variety Z' = {a}xs + x5 + 2322 + ziai = 0} C P*. The singular locus
of Z' consists of the line {z1 = x9 = x5 = 0} and an Fj singularity at the
point P = {(0:0:0:0:1)}. We can resolve the singular line by four
blow-ups (first in the singular line itself, then in a surface isomorphic to
P? and afterwards consecutively in two curves isomorphic to P!). We are
then left with a variety Z which has a unique FEjg singularity at P. The
stringy E-function of Z can be written as H(Z \ {P};u,v) 4 (contribution
of the singular point). For the second term we refer to [Sch, Theorem

5.1], it is equal to 1+ (”v)2(Z(W)S_Q(W&ij)l(ﬁﬂ_(w)2+2u”_2). The first term can

be computed to be (uv)® + 7(uv)? + Tuv. As a power series, Ey(Z) =
1+ 7Tuv + 9(uv)? — (uv)® + (uv)* — (uw)® + - -+ and thus by 3 < 0.

(ii) Tt is tempting to generalize Batyrev’s definition of stringy Hodge numbers for
any variety Y of dimension d as in the theorem or the corollary as follows:
for i + j < d define analogously h2/(Y) := (—1)"*/b;; and maybe just put
h YY) = b ().

(iii) In Theorem 3.1 we proved in fact that the numbers (—1)"7b; ; for i +j < d
and d > 4 are given by (with the same notations as in the theorem)

(—=1)"™b; ; = dimker(H4 5479 (H?79(X)) — HIHI(H?9 (D)) + S, 4,
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where

(> 1o dim H7VY(H22(D))) ifdiseven and i = j = 4,
a;=d/2—1
to dim FA- L1 (f2a-2(pyyy 14 is odd and
Sij = a=(d-3)/2 PTIT e
1w dim HI24=1(F2-3( D)) if dlls'odd a?i .
ar=(d—3)/2 {i,j} = {T; 5 I
( O otherwise.

In the following proposition we give a more intrinsic explicit description for
these numbers. The 3-dimensional case is handled in 3.5.

3.4. Proposition. Let Y be as in Theorem 3.1 and of dimension d > 4. Take
a log resolution f : X — Y that is an isomorphism when restricted to f~(Y;,),
with D; (I = 1,...,«) the irreducible components of the exceptional locus and
with a; the discrepancy of D;. Write E4(Y) as a power series Zi,jzo b; ju'vd.
Then for 1 + 7 < d and we have

(—=1)"™*b,; ; = dim HY "I (H*7(Y)) + S5 4,

where S; ; is as in Remark 3.3 (iii).

Proof: By Remark 3.3 (iii) above, it is sufficient to prove that
dim ker(H* "> (H**71(X)) — H*"/(H**"77(D)))
= dim H* 49 (7))

fori+j <d. Let yy,...,ys be the (isolated) singular points of Y and take disjoint
contractible neighbourhoods Uy for the complex topology around the points y.
From the Leray spectral sequence for f : Vi = f~1(Uy) — U, it follows that
H™(V,,) = H™(f ' (y;,)) for all m. Now we consider the long exact sequences for
(X, UgVk) and (Y, U,Uy). We get the following diagram with exact rows (we use
that H™(UgVi) = H™(D) and H™(U,Uy) = 0 for m > 0, where D is the total
exceptional locus):

— H"YD) — HYX,UV,) — HY(X) — -+ — H?*(X)— 0

7 T i 7 T
— 0 — HYY,UpUp) — HYY) — -+ — H*(Y) — 0.

By excision we have

I

H™(Y, U Uy) H™" (Y \A{y1, -5 us b, UeUe \ {y1,- - -, ¥s})
H™(X\ D,U,V,\ D)

Hm(X, Uka)

I

12
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for all m and then the Mayer-Vietoris construction (see [Ro, Lemma 6.6]) gives
us a long exact sequence (note that H?¢~1(D) = H?¢(D) = 0)

— H"Y (D) - HY(Y) —» HYX) — HYD) — H"'(Y) — - --

c— H*HX) — 0 — H*(Y) — H*(X) — 0.

Thanks to Theorem 2.1 this sequence splits as follows:

— HY(D) - H(Y) — H(X) — H(D) — 0, (d)
0— H"NY) — H"YX) — H™ (D) — 0, (d+1)
0— H*2(Y) — H**(X) — H***(D) — 0, (2d — 2)
0— H**YY) — H**(X) — 0, (2d — 1)

0— H*(Y) — H*(X) — 0. (2d)

Now we apply the exact functor H?%4=J to sequence (2d — i — j) and we use
Remark 3.3 (iii) to deduce the result. We must note that H**4~J(H"1(D)) =0
for i + 7 = d. This is [KK, Corollary 2 p.154], it also follows immediately from
the discussion in 2.2. |

Remark. We see from the short exact sequences (d + 1) to (2d) that H*(Y)
carries a pure Hodge structure for £ > d. From the above proof it is clear that
this works for any projective Y with at most isolated singularities. Steenbrink

proved this even for complete varieties with only isolated singularities [St, Theo-
rem (1.13)].

Example. For a projective Y of dimension d = 4 or 5 and with at most isolated
Gorenstein terminal singularities we can write for i + j < d (notations as in the
proposition)

(_1)z+]b2’] — dim Hd—i,d—j(HQd—i—j(Y)) + Z Hd—i-‘rl,d—j-l—l (H2d_i_j+2(Dl)).
1<I<a
a;=1

Indeed, for d = 4 the second term can only be nonzero for i = j = 2 and for
d =5 this is the case for i = j =2 or {i,j} = {2, 3}.

3.5. Proposition. Let Y be a projective threefold with Gorenstein canonical
singularities. Write the stringy E-function of Y as a power series Zl >0 b; juv?.
Take a partial crepant resolution g : Z — Y as in the proof of Corollary 3.2.
Then for i + 7 < 3 we have

(=1)"*b, ; = dim H>""*71(H"(Z)).

11



Proof: Recall from 3.2 that Z has terminal singularities (which are automati-
cally isolated) and that Eq(Z) = Ex(Y). For Z the analogue of Remark 3.3 (iii)
(with S; ; always zero) is valid as well and thus we can proceed exactly as in the
proof of the previous proposition. [ |
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