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Abstract

Let f be a regular function on a nonsingular complex algebraic variety of dimension d. We prove a
formula for the motivic zeta function of f in terms of an embedded resolution. This formula is over the
Grothendieck ring itself, and specializes to the formula of Denef and Loeser over a certain localization. We
also show that the space of n-jets satisfying f = 0 can be partitioned into locally closed subsets which are
isomorphic to a cartesian product of some variety with an affine space of dimension "dr /2. Finally, we
look at the consequences for the poles of the motivic zeta function.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

(1.1) All schemes that are considered in this paper have base field C.

The topological Euler—Poincaré characteristic x has the following properties on complex al-
gebraic varieties: x (V) = x (V') if V is isomorphic to V', x (V) = x(V \ W) + x (W) if W is
a closed subset of V, and x(V x W) = x(V)x(W). The Hodge-Deligne polynomial of com-

* The authors are supported by FWO-Flanders project G.0318.06.
* Corresponding author.
E-mail addresses: dirk.segers @wis.kuleuven.be (D. Segers), lise.vanproeyen @wis.kuleuven.be (L. Van Proeyen),
wim.veys @wis.kuleuven.be (W. Veys).
URLs: http://wis kuleuven.be/algebra/segers/segers.htm (D. Segers), http://wis.kuleuven.be/algebra/veys.htm
(W. Veys).
1 Postdoctoral Fellow of the Fund for Scientific Research—Flanders (Belgium).

0021-8693/$ — see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2007.05.012

Please cite this article in press as: D. Segers et al., The motivic zeta function and its smallest poles, J. Algebra (2007),
doi:10.1016/j.jalgebra.2007.05.012




2 D. Segers et al. / Journal of Algebra eee (eeee) eee—eee

plex algebraic varieties (see (1.5)) is a finer invariant which has also these properties. The finest
invariant with these properties is the class of a variety in the Grothendieck ring.

We recall this notion. The Grothendieck ring Ky(Varc) of complex algebraic varieties is the
abelian group generated by the symbols [V], where V is a complex algebraic variety, subject to
the relations [V] = [V’], if V is isomorphic to V’, and [V] = [V \ W]+ [W], if W is closed
in V. One can extend the Grothendieck bracket in the obvious way to constructible sets. The ring
structure of Ko(Varc) is given by [V] - [W]:=[V x W]. We denote by L the class of the affine
line, and by M the localization of Ko(Varc) with respect to L.

(1.2) Let Sch be the category of separated schemes of finite type over C and let n € Z>(. The
functor - Xgpecc Spec C[#]/(t"*'):Sch — Sch has a right adjoint, which we denote by L,,.
We call £,,(V) the scheme of n-jets of V and we define an n-jet on V as a closed point
on L,(V). If f:W — V is a morphism of schemes, then we get an induced morphism
Jn =Ly (f): Ly(W) — L,(V). For m,n € Zx satisfying m > n, the canonical embeddings
V XspecC Spec Cltl/"tHY - v X Spec C Spec CI[#]/ (™) induce canonical (projection) mor-
phisms 7}’ : £,,(V) — L,(V). Because we want £,,(V) to be a variety (e.g. to take its class in
the Grothendieck ring), we always endow L,(V) with its reduced structure, and we interpret
the morphisms above in this context. For more information about these constructions, see [DL1]
or [Mu].

If V is a closed subscheme of A™, the closed points of £, (V) are the (a;;)1<i<m,0<<n €
AMOHD for which (ay 0+ay 1t 4 +aint", ..., amo+am 1t +- -+ amat") € (Clt]/ " F1))™
satisfies the equations of V. Actually, we get a set of equations of (the original possibly nonre-
duced version of) £,(V) by substituting an arbitrary point of (C[¢]/(¢"T!))" in the equations
of V. If V is an arbitrary separated scheme of finite type over C, we apply the construction
above to the elements of an affine cover, and we glue them together. Note that an n-jet can be
seen as a parameterized curve modulo "+

(1.3) Let X be a nonsingular irreducible algebraic variety of dimension d, and let f:X — Al
be a nonconstant regular function. Put V = div(f). For each n € Z>, we consider the induced
morphism f, : £,(X) — L,(A!). Forn € Z0, the set

Xy={yeLluX)|y-V=n}

is a locally closed subvariety of £, (X). Note that y - V = ord; (f,(y)). The motivic zeta function
Z(t) of f:X — Al is by definition

Z(t) = Z[Xn]t” e Mc[t].

n=0

In a lot of papers, there is a normalization factor L™ in the (n + 1)th term in the definition of
the motivic zeta function. Note that Z(IL=%r) — [X \ V] is the naive motivic zeta function from
[DL2].

(1.4) We now describe a formula for Z(¢) in terms of an embedded resolution. Denef and Loeser
deduced it by using motivic integration. Let #:Y — X be an embedded resolution of f,i.e. h
is a proper birational morphism from a nonsingular variety Y such that & is an isomorphism
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onY\ h_l(f_l{O}) and h_l(f_l{O}) is a normal crossings divisor. Let E;, i € S, be the irre-
ducible components of A~ (f —1{0}). Let Ky /x be the relative canonical divisor supported in the
exceptional locus of 4. We define the numerical data N; and v; by the equalities div(f o h) =
YiesNiEiand Ky, x =) ;cg(vi— 1D E;. For I C §,denote Ef := ([;c; Ei)\ (Uigﬂ E;). Then,
the announced formula for Z(¢) is

_ dN;—v; ¢ N;
Z() = Z[E?]l_[ L - DL t '

1 — LdN,'—v;tNi
IcS iel

In particular, Z(¢) is rational and belongs to the subring of Mc[¢] generated by M¢c and the
elements v /(11— LAN—vN ), with v, N € Z- . Note that the equation implies, in particular, that
the right-hand side does not depend on the embedded resolution.

(1.5) We now introduce the Hodge zeta function. Recall that the Hodge—Deligne polynomial of
a complex algebraic variety W is

H(W):= Z(Z(—l)ihl”q(HCf(W, C)))ul’v‘f € Zlu, v,

p.q ~i=0

where h”9(H, C’ (W, C)) is the dimension of the (p, g)-Hodge component of the ith cohomology
group with compact support of W. The Hodge zeta function of f is

_1 dN;—v; +N;
ZHod(t) := Z H(E) 1—[ (uv —1)(uv) i

1 — (uv)dN,'—vitN,'
IcS iel

The right-hand side does not depend on the embedded resolution because it is obtained from the
right-hand side of the formula in (1.4) by specializing to Hodge—Deligne polynomials. Note that
the Hodge zeta function is in a lot of papers a normalization of this one.

(1.6) Let f and V be as in (1.3). We consider the power series

J(@) = Z[Ln(V)]t” € Mc[t].

n=>0
Because [X,] = L4[L,—1(V)] = [Lo(V)] forn > 1 and [Xy] = [X] — [V ], we have the relation

Z(t) — [X]

J() =
@ Ldr —1

Consequently, the series J(¢) and Z(¢) determine each other.

(1.7) In Section 2, we prove the formula of (1.4) without using motivic integration. We will
actually prove a stronger result which is over Ko(Varc) instead of M: for an integer c¢ satisfying
(vi —1)/N; <cforalli € S, we have

(L — 1)L(2c‘d+c)N,-—v,~tN,-

Z[Xn](]]_d%d-i_c_dt)n = Z[E?] l_[ 1 — LQ2cd+c)N;i—vi ¢ N;

n0 IcS iel
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in Ko(Varg)[t]. After localizing with respect to I, we can indeed deduce the formula of (1.4)
because L is not a zero-divisor in M. However, it is unknown whether L is a zero-divisor in
Ko(Varc). This implies that we cannot deduce our formula straightforward from the one in (1.4)
and that we do not know whether the formula of (1.4) holds in Ko(Varc)[¢] whenever d N; —v; >
O foralli € S. (There always exists an embedded resolution for which this condition is satisfied.)

In Section 3, we will prove that [£,, (V)] is a multiple of L"47/2" in Ko(Varc) foralln € L.
(We use the notation "x ' for the smallest integer larger than or equal to x € R.) We will actually
construct a partition of £,(V) into locally closed subsets which are isomorphic to W x A" /2"
for some variety W depending on the locally closed subset. The first author proved already an
analogous result for the number of solutions of polynomial congruences in [Se2]. The difficulty
here is that we do not have to count solutions, but that we have to construct isomorphisms. We
also note that our setting of (1.3) is more general than polynomials, i.e. regular functions on
affine space.

In Section 4, we will consider Z(¢) as a power series over a ring R which is a quotient of the
image of the localization map in M. Using the previous result, we prove that Z(¢) belongs to
the subring of R[t]] generated by R[] and the elements 1/(1 — ]LdN_"tN), with v, N € Z- ¢ and
v/N < d/2. An analogous result was already proved in [Se2] for the topological zeta function
(and for Igusa’s p-adic zeta function), where it says that there are no poles (with real part) less
than —d /2. See [RV] for a possible definition of the notion of pole for the motivic zeta function.
Because the ring R specializes to Hodge—Deligne polynomials, this result is also true for the
Hodge zeta function.

In Section 5, we adapt the previous results in a relative setting.

2. The motivic zeta function over the Grothendieck ring

(2.1) If g: Y — Z is étale, one can sometimes reduce a problem about £,,(Y) to an analogous
problem for £,,(Z) because of the following proposition. For a proof, see for example [BI,
Proposition 2.2].

Proposition. Let g: Y — Z be étale and m € Z~. Then the natural map L,,,(Y) = Y X7 L,,(Z)
is an isomorphism.

If g: Y — A? is étale, we obtain
Ln(Y)ZY Xpa Em(Ad) =Y Xpa (Ad X Ad’") >y x A,

If Y is an arbitrary nonsingular irreducible algebraic variety of dimension d, we can cover Y with
open subsets U for which £, (U) = U x A%". Consequently, [£,,(Y)] = [Y]L".

Note that also the equality [X,] = ]Ld[ﬁ,,_l(V)] — [£,(V)] for n > 1 of (1.6) can be proved
by using this proposition.

(2.2) We need a theorem of Denef and Loeser [DL1, Lemma 3.4], see also [ELM], to obtain our
formula.

Theorem. Let X and Y be nonsingular irreducible algebraic varieties of dimension d, and let
h:Y — X be a proper birational morphism. For e, m € Zx satisfying m > e, the set

Ao ={y €Ln¥) |y -Ky/x =e}
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is a locally closed subset of L,,(Y). If m > 2e, then A, ,, is the union of fibers of h,, and the
restriction Ae m —> My (Ae.m) of hy is a piecewise trivial fibration with fiber A°. Moreover, two
elements of the same fiber have the same image in L, _.(Y).

(2.3) Let X be a nonsingular irreducible algebraic variety of dimension d, and let f: X — A! be
a nonconstant regular function. Let #: Y — X be an embedded resolution of f. Let E;, i € S, be
the irreducible components of h1( f -1 {0}), and let N; and v;, with i € S, be the numerical data.

Theorem. If ¢ is an integer satisfying (vi — 1)/N; < c foralli € S, then
(L — 1)L(2cd+c)N,-—u,-tNi

Z[%](L%d“_df)n = Z[Ef] l—[ | — L C2cd+oNi—vi [ N; M

n>0 ics iel

in Ko(Varc)[r].
Proof. For n,m € Z> satisfying m > n, the set
KXom = {V € Ln(X) | y - div(f) =n}

is a locally closed subvariety of £,, (X). Note that X, = X;, ,. Because &, ,, = X;, x A=) if
X admits an étale map X — A9, we have [X), ;] = [, ]LI" ™ for general X.
Lety € hnjl (Xu.m). We have that

D Ny Ed=y- (ZN@-) = hu(y) - div(f) =n,
ieS ieS
and that
y-Ky;x=y- (Z(w - 1)El~) =) (i — Dy - E.
ieS ieS

Let ¢ be an integer satisfying (v; — 1)/N; < c for all i € S. Such an integer exists because S is
finite. Note that there exists an embedded resolution /4 (which is a composition of blowing-ups
with well chosen center) for which v;/N; <d — 1 for all i € S [Sel, Proof of Theorem 2.4.0].
We obtain

y-Kyx=Y (vi—D(y E)<c) Ni(y-E)=cn.
ieS i€s

In particular, there are only a finite number of possibilities for y - Ky, x. In view of (2.2), we will
try to find a formula for

D LA 200" =) [ I(LANT)" € Ko(Vare)[f]
n>0 n>=0

in terms of A.
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Fix n € Z~¢. For an | S|-tuple of positive integers a = (a;);cs, we define S, :={i € S | a; > 0},
E; = E;a and |a| := Card(S,). We define a set A by

A= {(ai)iES ‘ Vields: a; €Z>O, ZaiNi =n and EZ 75@}’
ieS

and obtain a disjoint union

Roon Xn2en) = |_|{y € Loen (V) | Vi€ S: v - Ei = ai).

acA

Fixae€ A.Pute =) ;_ga;(v; — 1). Denote the origin of y by yo. If U;, t € T, is a partition
of E7, then

{yeLon¥) |VieS: y-Ei=ai}=| |{y € Lon(Y) | Vi €S: y - E; =a; and y € U, }.
teT

Using (2.1), we can take [Cr, Proof of Proposition 2.5] a partition U;, t € T, of E into locally
closed subset such that for each t € T, the set

Faor:={y €Locn(Y)|Vi€S: y Ei=a; and y € U;}
is isomorphic to U; x AZedn—ies, @iy (A1 {01!, and hence
[Fa] = [U L2 Ziesa 4 (L — DV,
Because F,; ; C A¢ 20 18 a union of fibers of /2., (one can use the last statement in Theorem 2.2

to prove this), we obtain from (2.2) that the restriction F, ; — hoc, (Fyt) of hoey is a piecewise
trivial fibration with fiber A°. Hence,

[Fa,t] =L¢ [hZCn(Fa,Z)]-

By summing over all ¢ € T, we obtain

[h2cn({y € Loen(Y) | VieS:y-E; :ai})]

[m ( || Ft)} = L[hacn(Fur)]

teT teT

Z at]— LZCdn Z'esaal(L 1lal,

eT

Now we multiply both sides of the obtained equality with L“"~¢ and sum over all @ € A. Note
that e depends on a. We obtain
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L X 2en] = Z[EZ]chd”_Ziesa apen—eL — 1)kl

acA

=Y [Eg]@ — DLt e Rics, @
acA

- Z[E;’](IL _ el Yies, (Qed+oINi—va;
acA

= Z[E;’] H (L — 1)]]_1((26d+c)N,-—ui)ai.
acA i€S,

The last expression is the coefficient of " in the formal power series

(L _ I)L(2cd+c)N,'fv,'tN,-

Z[E;] l_[ 1— L(zC'd‘l’C)Ni*VitNi

IcS iel

and consequently, we have finished our proof. O

Remark. If we consider (1) as an equality in Mc ] and if we replace ¢ by L~¢d+e=d¢ we
obtain

_ dN;—v; +N;
7 = Z[E([)] l_[ L -DL t

1 — LdN[—v,' tN;
IcS iel

in Mc[¢]. This is the formula of (1.4) which was first proved by Denef and Loeser using motivic
integration.

3. Divisibility of jet spaces in K¢(Varc)

(3.1) Let X be a d-dimensional complex analytic manifold with analytic coordinates (uy, ..., ug).
These coordinates induce tangent vector fields d/duy, ..., d/duy along X. Let f be a complex
analytic function on X and let b € X. By Taylor’s theorem, we have for points x in a small
enough neighborhood of b that

(@11 f£/9u®)(b)
Z & JER R

o!

f(x)= lim

m—00

(x—b)*

d .
a€Z>0.\a|<m

d
= f(b)+ Y (Of/duj)(b)(xj —bj) + .

j=1
We explain the notation. The coordinates of b are (b1, ..., by) and those of x are (xy,..., xq).
For a = (ay,...,aq) € Zéo, we put a! = aq!--ag!, (x —b)* = (x1 — b)* -+ (xg — bg)*,

lo| = a1 + -+ + g and 31 f/0u® = 3T Hea £/9ul - qul.
Let y be a convergent arc in X, i.e. a d-tuple of convergent power series in ¢ with origin in X.
Let! € Z-o. Write y = b +1t'z, where b is a d-tuple of polynomials in ¢ of degree less than / and
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where z is a d-tuple of convergent power series. For every ¢ € C in the convergence domain of y
(and for which y (t) € X), we have

(z®)”,

alel £7au®) (b
flr@) > ( f/;t! YD) oy

= lim
m—00
an‘;O:Ia\gm

and consequently, we obtain the equality

@ f/0u®)(b) el
o!

fy=lim

m—00
aeZd ) al<m

as formal power series in ¢.
Since every n-jet is liftable to a convergent arc, we get for an n-jet of the form y =b + 1z
that

’—ﬂ/l—l |Ol‘ o
fy)= Z 7 f/8uT)b) f{ju )(b)t‘“”z“ mod "1,
la]=0 ’

(3.2) Let X be a nonsingular irreducible algebraic variety of dimension d and let g: X — A4
be an étale map. We identify £,(X) and X x ¢ £,(A?) by using the canonical isomorphism
of (2.1).

The coordinates (i1, ..., ug) on A? induce analytic coordinates on a complex neighborhood
of every point of X. The tangent vector fields d/duy, ..., d/duy, which we define along the
whole of X, are actually algebraic. This implies that all first and higher order partial derivatives
of a regular function on X with respect to uy, ..., uy are regular functions on X.

Let f be aregular functionon X. Letl € {1,...,n}. Let (x,b) € X x4 L, (A% = £,(X) and
letz=(z1,...,2a) € Ln—(A?). Then

n/l7
Y £/au)(x, b
f(x,b—i—tlz): Z Ml'“”z“ mod "1,
ol
|o|=0

(3.3) Theorem. Let X be a nonsingular irreducible algebraic variety of dimension d € Z~1 and
let f:X — Al be a regular function. Put V := div(f). Then [L, (V)] is a multiple of L."4"/2" in
Ko(Varg) for all n € Zxy.

Remark. It follows that [X},] is also a multiple of L"4"/2" forall n € L.

Proof. We are going to partition £, (V) into a finite number of locally closed subsets which are
isomorphic to W x A"9"/2" for some variety W depending on the locally closed subset.

If the theorem holds for the members of an open cover of X and all their intersections, then it
holds for X, by additivity of the Grothendieck bracket. Hence, we may assume that there exists
an étale map g: X — A?.

Letr be n/2 if nis even and (n 4+ 1)/2 if n is odd. We define
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Loy (V)= {(x,b) € Ly(X)|Vj L, ... d}: (3f/du;)(x,b) =0mod ¢ and
f(x,b)=0mod t"*'}

and for k € {0, 1, ...,r — 1}, we define

Lax(V)={(x,b) € Lu(X) |Vje(l,....d}: (3f/du;)(x,b)=0mod t*,
3je(l,...,d}: (3f/du;)(x,b) #0mod *' and f(x, b) =0mod "'}

Then, the sets £, x(V), k € {0, 1,...,r}, are locally closed subsets of £, (V) which partition
L, (V). o

We prove that £, (V) is isomorphic to W x A dn/27 for some variety W. Let (x,b) €
Ly (V).Forz=(z1,...,24) € L,_1(A?), we have that

d
F b+ ) = feb) + Y (@f/uj) e, by gy 20D ()
j=1

=0 mod !,
such that (x,b + " "t1L,_1(AY)) C L£,(V). Because n — r + 1 > r, we obtain that (x,b +
"L _1(AY)) C L, (V). Consequently, £y, (V) = 7). (L, (V) x A This proves our
assertion for £, (V) because dr > "dn /2.
Letke{0,1,...,r —1}. Westudy L, (V). Let pe{l,...,d}andlet! € {k,...,n — k}. We
define
L ,p(V)= {(x, b) e L,(X) | Vjief{l,...,d}: (3f/0uj)(x,b)=0mod ik
and (3f/du,)(x, b) 0 mod t*™ and f(x, ) =0mod r"*'}

and

Ok (V) = {(x,b) € Li(X) | Vj €{1,...,d}: (3f/3u;)(x,b) =0 mod ¢*
and (3f/dup)(x, b) 0 mod ™ and f(x,b) =0 mod t*+ !},
Note that £,.0, (V) = On.0,p(V). We check that f(x,b) is well defined modulo #**+! in the

definition of Oy ., (V). Suppose that (x, b) € £;(X) satisfies (3f/du;)(x,b) =0 mod ¢k for all
jef{l,...,d}. Then

d
f b4tz = feb)+ ) @f /ou)(x, byt 2 + 20D (L)
j=1

= f(x,b) mod FH+1,

and consequently, f (x, b) is well defined modulo t%+/+1,
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The following isomorphisms can be checked easily:

»Cn,k,p(v) = On—k,k,p(v) X Adks
Otk p(V)ZOpi p(V) x AL forlefk,...,n—k—1},

where the projections on the first factor are respectively n,;‘_k and nf“. The isomorphism
Ok, p(V) x Ad-T Or1,k,p(V) maps ((x; bio + b1t +--- + blltl, o bgo + bgit + -+
bdlt[), (a1, ...,aq—1)) to the unique element of Oy« ,(V) of the form (x; bio + b11t +--- +
but' + a1 bpo +bpit oA byt +ct™ L bao + bart + -+ + bat! + ag_t').
The unique value ¢ € C is obtained by solving a linear equation.

Consequently,

ﬁn,k,p(v) = Ok,k,p(v) X A(d_l)(n_ZkH_dk,

where the projection on the first factor is ;. This implies

L1 (V)= Op 1 (V) x Ad=DO=20b+dk
Lk 2V Lyt (V) = (O 2(V)\ O 1 (V) x Ald=D@=20Fdk,

Ln,k,d(V)\< U cn,k,p(V)>;(ok,k,,,(V)\( U Ok’k,p(V))>xA(a’1)(n2k)+dk'

1<p<d—1 1<p<d—1

This finishes our proof because the left-hand sides form a partition of £, (V') into locally closed
subsets and because (d — 1)(n — 2k) +dk >"dn/27. O

4. The smallest poles of motivic zeta functions

(4.1) Let X be a nonsingular irreducible algebraic variety of dimension d € Z-1 and let f :
X — A! be a regular function. Put V := div(f). In this section, we fix an embedded resolution
for which dN; — v; > 0 for every i € S. Note that we mentioned already in (2.3) that there
always exists an embedded resolution which satisfies the stronger condition v; /N; < d — 1 for
everyi € S.

Consider the ideal

I' = {a € Ko(Varg) | 3k € Zzo: L*a =0}

of Ko(Vare) and put R’ = Ko(Varc)/I’. The image of I in R’, which is also denoted by L, is
not a zero-divisor in R’. Note that I’ is the kernel of the localization map Ko(Varc) — Mg,
such that R’ can be considered as the image of this map in M¢. Consequently, the formula of
(1.4) still holds if we consider Z(r) as a power series over R’. Although Poonen [Po] proved that
Ko(Varg) is not a domain, it is still not known whether the localization map is injective.

We want to use for instance that ), Zso (IL¥) = {0} and that a number k € Z\ {0} is not a zero-
divisor. Because we do not know whether these are true in R’, we will work in an appropriate
quotient of R’. Consider the ideal
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= () {ee R [Inez\ (0} nae (L)

= () {¢ € R |3n € Z\(0): na is divisible by L* in R'}

kEZ>0

of R and put R = R’/I. Note that R specializes to Hodge-Deligne polynomials and that we do
not know whether I # {0}. One verifies easily that an element of Z \ {0} is not a zero-divisor
in R. One also checks that the image in R of {« € R’ | 3n € Z \ {0}: na € (LX)} contains (LX),
and consequently ﬂkeZ> o (L¥) = {0} in R. Thus, if « is a nonzero element of R, there exists

a k € Zx¢ such that « is divisible by LL* but not by L**! in R. Moreover, if « is a nonzero
element of R, there exists a positive integer k which has for every n € Z \ {0} the property
that na is not divisible by Lk, We also have that 1 — LX, with k € Zg, is not a zero-divisor
in R. Indeed, if « € R satisfies (1 — L¥)a =0, then « = L¥a = Lk = L3 = - .-, and thus
oce ﬂkezko(Lk) = {0}.

From now on, we will consider the motivic zeta function Z(¢) as a power series over R. The
formula of Z(¢) in terms of an embedded resolution also holds over R. We write the motivic zeta
function in the form

B(1)

Zt == )
| TR T

where I C S and where B(z) is not divisible by any of the 1 — LNi=vi¢Ni with i € I. Put
[ :=min{—v;/N; |i € I}.

In the next paragraphs, we will work in a more general context. By abuse of notation, we will
use the symbols of this particular situation.

(4.2) Let Z(t) be an arbitrary element of R[t] of the form

B(1)

Z(t) = ,
() niel(l _]LdNifvitNi)

where every (vi, N;) € Z~o X Z~q satisfies dN; — v; > 0 and where B(¢) € R][t] is not divisible
by any of the 1 — LINi=vifNi ' with i € I. Put [ :== min{—v;/N; | i € I}. Define the elements
¥n € R by the equality

Z(t) = Zynt".

n=0

(4.3) Proposition. There exists an integer a which is independent of n such that vy, is a multiple
of L"@+bn=a’ iy R for all integers n satisfying (d +I)n —a > 0.

Remark. (i) The statement in the proposition is obviously equivalent to the following. If I’ < [,
then there exists an integer a which is independent of n such that y,, is a multiple of L" ¢ +Hn—a?
for all integers n satisfying (d +1)n —a > 0.

(i1) Suppose that we are in the situation of (4.1). It follows from (4.6) that d + 1 > 0, so
that (d + [)n — a rises linearly as a function of n with a slope depending on /. The condition
(d +1)n —a > 0 is thus satisfied for n large enough.
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Proof. We will say that a formal power series in ¢ has the divisibility property if the coefficient
of 1" is a multiple of " @+D"" for every n.
For i € I, the series

1
_ n(dN;—v;j) ,nN;j
l_LdNi—VitNi _Z]L ' vt '
n=0

has the divisibility property because d N; — v; is an integer larger than or equal to N;(d + ).

One can easily check that the product of a finite number of power series with the divisibility
property also has the divisibility property. Let g be the degree of B(t). For n > g, we will have
that y, is a multiple of " ¢+D=&)" This implies our statement. [

(4.4) We will decompose Z(¢) into partial fractions in (4.6). To this end, we need to apply the
following lemma several times.

Lemma.

(a) Leti, j €I suchthatv;/N; #v;/N;. Then, there exist polynomials g(x,t), h(x,t) € Z[x, t]
and an integer k € 7~ such that

g, (1 = x N2 Ne) o p e, 1) (1 — x@Ni7vigNi) =1 — 1k
holds in Z[x, t], and consequently such that
g, (1 = LNy 4 (L, ) (1 = LINivigNi) = 1 — LK

holds in R[t].
(b) Let D(t) € R[t]. There exist polynomials g(t), h(t) € R[t] with deg(h) < N; and a k € Z»
such that

L*D(r) = (1 = LN~V g (1) + h(r).

Proof. (a) Although Z[x, t] is not a PID, we can obtain the first relation by applying the algo-
rithm of Bezout—Bachet in number theory to the polynomials 1 — x4Ni=igNi and 1 — x@Ni=vi¢Ni

in the variable t. The number k is different from O because otherwise the polynomials 1 —

xdNi=vigNi and 1 — x9i=vi Vi would have a nontrivial common divisor, and this is not the

case because v; /N; # v;/N;. (b) This is straightforward by applying the division algorithm. O

(4.5) For r € Z, we define a function f, :Z>o — Zx¢ by the relation

1 o0
T—xr = Z fr(n)x".
n=0

One proves by induction on r that

(n+r—=2)!  nn+1)...(n+r—2)
r—Din—1" (r—1)! ’

fr(n) =
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Lemma. Let m € Z~.1. Let ny, ..., n, be m different natural numbers. Then, the determinant of
the matrix with the elements

v = (fi(n1), fa(ny), ..., fm(n1)),
V2 = (fl(n2)v f2(n2)s ) fm(n2)),

Um = (fl(nm)v f2m), ..., fm(nm))

of Z" in the rows is equal to

[ j=i(mj —mi)
m—1
l_[,-zl i!
Remark.
(i) This determinant is different from zero, so the set {v, vy, ..., v,} is linearly independent.

Consequently, every element ¢; of the standard basis of the Z-module Z™ has a multiple
which is generated by it.
(i1) This lemma is probably known. We include its proof by lack of reference.

Proof. The proof is by induction on m. The statement is trivial for m = 2. Let now m > 2. We
expand the determinant along the last column, apply the induction hypothesis to the cofactors,
use Vandermonde determinants, and obtain that it is equal to

-2
Long nf o 077 fun)
-2
1 1 np n3 o 0y fu(no)
I—[mle, . : .
i=1 . .
I ny, ng,, I’l%_2 Sm(m)

By using properties of determinants and the Vandermonde determinant, we see that this is equal
to

1 n n% n’f'_z n'ln_l
1 1 no n} - n’2”_2 ng’_l _nj>i(nj_ni) a
5" 5 oI
1 n, n nm=2  pm-l

(4.6) Proposition. There exist an integer a which is independent of n and positive integers N
and b such that yun+p is not a multiple of L™ @TD0N+b+a™ iy R for 1 large enough.

Proof. Put Iy ={j el |—v;/N;=I1}and I, =1\ I;. Let N be the lowest common multiple of
the N;, i € I1, and let v be the lowest common multiple of the v;, i € I;. Remark that v/N =
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v;/N; for all i € I;. Let m be the cardinality of I;. Because 1 — LN —VtV

1 — LANi=vigNi for all i € I}, we can write

is a multiple of

D(t)
(1 _ LdN—utN)m ]—[

Z(t) =

e (1~ LT

where D(t) € R[t]. Applying decomposition into partial fractions (see Lemma 4.4), we can write

HUm,0 + Um,1t+--- +,Mm,1v—1lN_1 n Hm=1,0 + Um—1,1¢ +~~-+Mm—1,N—1lN_1

wZ(t)Z (] —}LdN*vtN)m (1 _]LdN—vtN)m—l
+“.+M1,0+M1,1f+"'+M1,N71tN_l n E(1)
1 — LdN-v¢N Hie12(1 — LdNi=vigNi)
N—1 oo
= (fnmp + -+ + fr(mypy p) LN 0N+ )
b=0 n=0
E(t
n (1) 3)

[rep, (1 = LN

where 1; j € R, where E(t) € R[t] and where w is a product of elements of the form 1 — L¥ and
IL¥, with k > 0. Note that w D(¢) is not divisible by 1 — LAN=v¢N pecause w is not a zero divisor
in R, the constant term of 1 — LYY —="#" is a unit in R and D(¢) is not divisible by 1 — LAN—vN

We now consider the first part (2) of wZ(¢). Because wD(¢) is not divisible by (1 —
LAN=v¢Nym there exists a b € {0, ..., N — 1} for which the coefficient of "N*? is differ-
ent from O for infinitely many n. Fix from now on such a b and a j € {1,...,m} for which
wjp # 0. Take a positive integer ¢ such that we have for every n € Z \ {0} that nu;j is not
divisible by IL¢. There do not exist m positive integers ny, ..., n, for which f,(n)pmp+---+
S1D by -y fn M) b + - -+ f1(mm) 01,5 are multiples of L€, because otherwise, we can
use Lemma 4.5 to obtain that ;;, has an integer multiple which is a multiple of L.°. Conse-
quently, for n large enough, f,,, (") 4m.p + - - -+ f1(m)1,p is not a multiple of L. The coefficient
of "N+ in the power series expansion of (2) is equal to (fi (W) p+-- -+ f1 (n)ul,b)IL(d“‘l)”N,
which is not a multiple of L@+DnN+¢ — [ (@d+DBN+b)=(d+Db+e for 5y Jarge enough. So let a be
the largest integer smaller than or equal to ¢ — (d + )b.

Now we consider the remaining part (3) of wZ(z). We obtain from Proposition 4.3 that there
exists an I’ > [ and an integer a’ such that the coefficient of ¢ in the power series expansion of
(3) is a multiple of L @+0n=d"" for p large enough. Consequently, this coefficient is a multiple
of L™ @+hn+a™ for i large enough.

Because wy,y4p is the sum of two elements of which exactly one is a multiple of
L' @+hH(N+b)+a for 4y Jarge enough, we obtain that wy,n4p, and thus also Yy, is not a
multiple of " @+D@N+b)+a™ for y large enough. O

Corollaries.

(i) If there exists an integer a such that y, is a multiple of L @+n—a?
d+1n—a>0,thenl <l This is the converse of Proposition 4.3.

(ii) Because we saw in the previous section that [ X, is a multiple of L""/2" if we are in the
situation of (4.1), we obtain that | > —d /2.

for all n satisfying
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Because of the second corollary, we have proved the following theorem.

Theorem. The motivic zeta function Z(t) € R[t] belongs to the subring of R[t] generated by
R[t] and the elements 1/(1 — LdN_”tN), withv, N € Z~o and v/N <d/2.

(4.7) In (4.1), we denoted the image of the localization map Ko(Varc) — Mc by R’. We in-
troduced an ideal I of R’ and put R = R’/I. The previous theorem is a priori weaker than the
analogous statement over R’ (or M), but it is not if 7 = {0}. We do not know whether I # {0},
but at any rate the theorem specializes to Hodge—Deligne polynomials. This gives us the follow-
ing.

Theorem. The Hodge zeta function Zyod(t) belongs to the subring of Q(u, v)(t) generated by
Q(u, v)[t] and the elements 1/(1 — (uv)@N=VtN), with v, N € Z-o and v/N < d /2.

5. The relative setting

The generalization to the relative setting was suggested by the referee. Let X be a nonsin-
gular irreducible algebraic variety of dimension d, and let f: X — A! be a nonconstant regular
function. Let Xo be the reduced scheme determined by f = 0. Note that Xg = Lo(V), where
V =div(f) as before. For n > 1, we have that &}, is an X variety because of the canonical
morphism 71(’)1 : X, = Xo. Therefore, we can consider the class [,/ Xo] of A}, in the relative
Grothendieck ring Ko(Vary,) of Xo-varieties. The definition is the straightforward generaliza-
tion of the usual one, see for example [DL2].

One obtains analogously as in Section 2 that

e o (L — 1)L(2Cd+c)Ni7vitNi
Z[Xn/XO](chd—H dp)" = Z [E7/Xo] H | — Lcd+ON,—vi (N;

n>1 gAICS iel

in Ko(Varx,)[t]. Here, ¢ is an arbitrary integer satisfying (v; — 1)/N; < c foralli € S and L is
the class of A! x X in Ko(Vary,).
The main result of Section 3 can also be adapted to this context. Suppose that the dimension
d of X isin Z~1. Then [L,(V)/ Xo] is a multiple of L"dn/2% in Ko(Vary,) for all n € Z>.
Also Section 4 can be generalized. One analogously constructs a ring R from Ko(Vary,) such
that Z(¢), considered as an element of R[¢], belongs to the subring of R[¢] generated by R[f]
and the elements 1/(1 — LN ="¢N), with v, N € Z-o and v/N < d/2.
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