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Abstract
Let K be a p-adic field and let f be a K-analytic function on an open
and compact subset of K3. Let R be the valuation ring of K and let y be
an arbitrary character of R*. Let Z;,(s) be Igusa’s p-adic zeta function.
In this paper, we prove a vanishing result for candidate poles of Z¢ , (s).
This result implies that Zy, (s) has no pole with real part less than —1 if
f has no point of multiplicity 2.

1 Introduction

(1.1) Let K be a p-adic field, i.e., an extension of Q, of finite degree. Let R
be the valuation ring of K, P the maximal ideal of R, m a fixed uniformizing
parameter for R and ¢ the cardinality of the residue field R/P. For z € K, let
ord z € Z U {400} denote the valuation of z, |z| = ¢~°"¢* the absolute value of z
and acz = 2w~ °"9% the angular component of z.

Let x be a character of R*, i.e., a homomorphism y : R* — C* with finite
image. We formally put x(0) = 0. Let e be the conductor of x, i.e., the smallest
a € Z~go such that y is trivial on 1 + P“.

(1.2) Let f be a K-analytic function on an open and compact subset X of K"
and put x = (xy,...,2,). Igusa’s p-adic zeta function of f and x is defined by

Zppls) = /X y(ac £(2))|f (@) |da

for s € C, Re(s) > 0, where |dz| denotes the Haar measure on K™, so normalized
that R™ has measure 1. Igusa proved that it is a rational function of ¢~*, so that
it extends to a meromorphic function Z;,(s) on C which is also called Igusa’s
p-adic zeta function of f. If x is the trivial character, we will also write Zy(s).
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(1.3) Let g : Y =Y, — X = Y, be an embedded resolution of f which is a
composition g; o --- o g; of blowing-ups g; : Y; — Y;_1. Suppose that each g; is
a blowing-up along a K-analytic closed submanifold of codimension larger than
one which has only normal crossings with the union of the exceptional varieties
of gy o---0g¢g;_1. The exceptional variety of g; and also the strict transforms of
this variety are denoted by E;. The multiplicities of f o g and ¢g*dz along F; are
respectively denoted by N; and v; — 1. Note that such a resolution always exists
by Hironaka’s theorem [Hi].

If one has an embedded resolution of f, one can write down a set of candidate
poles of Z; , (s) which contains all poles of Z¢, (s). Candidate poles are associated
to a component of the strict transform of f~*{0} or to an exceptional variety F;.
One associates candidate poles to an exceptional variety F; if yi = 1, and in
this case, these candidate poles are —v;/N; + (2km/—1)/(N; log q), with k € Z.
Most candidate poles are actually not poles. This would be elucidated if the
monodromy conjecture [De] is true, see for example [Lo], [Ve] and [ACLM]. In
order to prove that a candidate pole sy of expected order 1 is not a pole, we have
to prove that the residue of Zj,(s) at s is zero. We recall a formula for this
residue which we will use in this paper.

Let so be a candidate pole of Z;,(s) of expected order 1. Let E,, r €
{1,...,t}, be an exceptional variety with candidate pole sy (and thus also with
XV =1). Let (V, 2) be a compact chart on Y, such that z, = 0 is an equation of
E,. on V. Write

foglo"'OgT:Oczﬁ]T and (glo...ogT)*dl.:ﬂzgﬁldz

on V, for K-analytic functions « and  on V. We have that Z = (21,...,2,1)
determines coordinates on the closed submanifold V' = V N E, which is defined
by z, = 0. Consider the volume form dz = dz; A --- Adz,_1 on V. We proved in
[Sel, (2.6)] that the contribution of the strict transform of V in Y to the residue
of Z;,(s) at s is equal to

q _ 1 ) [\/ . _ mc
— x(ac a)|al’|Bl|dz] :
(qu logq) v s—s0

Here, [-]12,  is the meromorphic continuation of the function between the brackets

evaluated at s = sg.

(1.4) Let f be a K-analytic function on an open and compact subset X of K?*
and let x be an arbitrary character of R*. We proved in [Sel] that the real part
of a pole of Zs,(s) is of the form —1 — 1/i, with ¢ € Z-, if it is less than —1.
Moreover, we proved that Z(s) has no pole with real part less than —1 if f has
no point of multiplicity 2. This result is also valid for Zy,(s):

Theorem. We have that Z;, (s) has no pole with real part less than —1 if f has
no point of multiplicity 2.



This follows immediately from [Sel, (4.2.2.4)], from the proof in [SV, (3.3.8)]
adapted to this context and from the following vanishing result.

Proposition. Let r € {1,...,t} and let P € Y,_; be the centre of the blowing-
up g,. Suppose that the expected order of a candidate pole sq associated to F, is
one. Suppose that there exists a chart (V,y = (y1,y2,y3)) centred at P on which
fogio---0g._1 is given by a power series with lowest degree part of the form
eyt ybys (yr + yo)", with e € K* and k,l,m,n € Zsy. Then the contribution of
E, to the residue of Zy,(s) at sq is zero.

We have already proved this proposition for the trivial character in [Sel, Section
3.2]. The other cases will be treated in Section 3 of this paper by using the formula
for the residue in (1.3). Most vanishing results with character are up till now only
for characters with conductor 1. In this paper, we treat characters with arbitrary
conductor. If we would have restricted us to characters with conductor 1, we
would need well known results on character sums of characters x : F;* — C*. To
treat characters with arbitrary conductor, we need results on character sums of
characters x : (R/P€)* — C*. This is treated in Section 2 in a slightly more
general context.

2 Character sums

(2.1) Let G, . be a finite group. Let C*,. be the multiplicative group of the field
of complex numbers. A character x of G is a group homomorphism x : G — C*.
Note that x(z) is a (|G])th root of unity for every = € G.

Let R be a discrete valuation ring, abbreviated DVR. Let P be the maximal
ideal of R and suppose that the residue field R/P is isomorphic to F,. Let 7 be a
fixed uniformizing parameter for R. A character x of the group R*,. is a group
homomorphism x : R* — C* with finite image. The conductor e, = e of x is
the smallest u € Z~( such that y is trivial on 1 4+ P*.

Valuation rings of p-adic fields are the DVRs which are interesting for our
purposes. Other interesting DVRs with finite residue field are the rings of formal
power series F,[[t]].

For every u € Z-q, there is a natural one to one correspondence between
characters x : (R/P")* — C* and characters y : R* — C* with conductor less
than or equal to wu.

Let u € Z~q and let L C R be a union of cosets of P*. By abuse of notation,
we will consider L sometimes as a subset of R/P". We will write L C R/P" if
we want to stress this. If all elements of L C R/P" are units, we will also write
L cC (R/P")*.

The characters of a finite group G,. (and of R*,.) can be multiplied in an
obvious way. The set of characters becomes a group for this operation. The
identity of this group is the constant map on 1, and this character is called the



trivial character.

We now give a lot of propositions on character sums which will be used in
Section 3. In [IR, Chapter 8|, character sums of [} are treated. We will use
similar techniques in our proofs.

(2.2) Proposition. Let x be a non-trivial character of a finite group G. Then
ZxEG X(l’) =0.
Proof. Fix a € G such that x(a) # 1. Then
X(@)> x(x) = x(az) = x(z).
zeG zeG zeG

The last equality is a consequence of the fact that ax runs over all element of G
if  does. Our statement follows because x(a) # 1. O

The previous proposition is well known. Now comes the serious work.

(2.3) Proposition. Let R be a DVR and let x be a non-trivial character of R*
with conductor e. Then

Z X(CE1+$2) = 0.

{(z1,m2) |71, 22,21 +22E€(R/P®)*}

Proof. (1) This is Proposition 2.2 for G = (R/P¢)*.
(2) Every element of (R/P¢)* can be written as x1+xy, with 21, 2o € (R/P€)*,
in exactly (¢ — 2)q°~! ways. Consequently,

> X(@+a) = (=2 DY x()
{(z1,22)|71,72,71+T2€(R/Pe)*} te(R/Pe)>
= 0. O

(2.4) Proposition. Let R be a DVR and let x be a non-trivial character of R*
with conductor e > 2. Let a € R*, leti € {1,...,e — 1} and let j > i. Then

> x@) =0

z€a+PIC(R/Pe)*

Z x(ma+1x) = 0,

z€14+PIC(R/Pe)X

Z x(mla+x) = 0.

ze(R/P¢)*



Proof. (1) Because . ‘
a+P - 1+P :2—a'x
is a bijection, we obtain

Yo x@) = > xax@ ')

z€a+PIC(R/Pe)X x€a+PIC(R/Pe)*

= x(@) > X
tel4+PiC(R/Pe)*
= 0.

The last equality follows from Proposition 2.2 because 1 + P* is a subgroup of
(R/P¢)* on which x is non-trivial.

(2) Because 4 ‘ 4
1+P =14+ P z—1lata

is a bijection, we obtain

DG R D SN ()

2€14 PiC(R/P%) tel+Pic(R/Pe)x
= 0.
(3) The proof of the last equality is analogous to (2). O

(2.5) Proposition. Let R be a DVR and let x be a non-trivial character of R*
with conductor e. Let a € R* and let i € {1,...,e —1}. Then

Y. X Mz tra) = {0 ifi €{1,....e~2}

—¢= ! ifi=e—1
ze(R/Pe)*

Z 0 ife>1
—1 o
X(I)X (:1:+a) - {_1 if6:1 )
z€(R/P°)*\(~a+P)

S et ta) = 0

z€(R/Pe)*

Proof. (1) In this proof all calculations in R are modulo P¢. Because x(z)x *(z+
mla) = x(x/(z + 7'a)), we study the values z/(z + 7'a) if  runs over (R/P¢)*.
We have that x/(x + w'a) = t if and only if z(1 — t) = n'at, and such a t is
of the form ¢ = 1 + 7'b for some b € R*. Moreover the z € (R/P¢)* which
satisfy this equation for such a fixed ¢ are exactly the elements which are equal
to —ab~'t modulo P¢~*. We thus have ¢’ values of z € (R/P¢)* for such a fixed
t. Consequently

Y. X etra) = Y X(g;fwia)

ze(R/Pe)* r€(R/Pe)*
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= q > X(t)

tel4+(PH\PiHL)C(R/Pe)X

= qi< >ox - Y x(t)>

tel+pi tel+pitl

{0 ifi € {1,...,e—2}

—q¢¢! ifi=e—1
The last equality follows from Proposition 2.2 because 1 + P and 1 + P! are
subgroups of (R/P°)*.

(2) One verifies easily that the map

T

(R/PV\ (=a+ P) = (R/P)\ (1+ P) s ——

is a bijection. Consequently

> aonero = Y (o5

z€(R/P)*\(—a+P) z€(R/P)*\(—a+P)
= x(t)
te(R/Pe)*\(1+P)
- 0 ifex>1
o -1 ife=1 "

(3) One verifies easily that the map

X

(/P = (RIP) s

is a bijection. Consequently

S @y wrta) = Y x(ﬁ,-:)ia)

ze(R/Pe)* T€(R/Pe)*

= Y X

te(R/Pe)*
= 0. O

From now on, e is always the maximum of the conductors of the characters
which are involved.



(2.6) Proposition. Let R be a DVR and let x, 1, p be non-trivial characters of
R* such that x # p~' and ¢ # p~'. Let a € R* and let i € Z>y. Then

Z Y(x)p(r +7'a) = 0 if e, <ey,+i—1,
z€(R/Pe)*

Z x(@)p(r'z +a) = 0 if e, <e,+i—1.
2€(R/P)X

Proof. (1) Let v € 1 + P%»~! such that (¢p)(v) # 1. Then

S vpatra) = S wler)p(vr +a)

ze(R/Pe)* xzec(R/Pe)*

= Z Y(vr)p(vr + T'va)

ze(R/Pe)*

= Wp)v) Y. Y(@)p(x+7a).

ze(R/Pe)*

Because (¢p)(v) # 1, we get our statement. In the first equality, we used a
translation in the group (R/P¢)*. For the second equality, we used that e, <
eyp+i—1 and that v € 1 + P L,

(2) Let v € 1 + P! such that x(v) # 0. Then

Y x@prr+a) = Y x(a)(rir +a)

z€(R/Pe)x z€(R/P°)*

= Y x(op(r's +a)

z€(R/Pe)*

— ) Y x@p(re +a).

z€(R/Pe)%

Because x(v) # 1, we get our statement. In the first equality, we used a transla-
tion in the group (R/P¢)*. For the second equality, we used that e, < e, +i—1
and that v € 1 4+ P&1L, O

(2.7) Proposition. Let R be a DVR and let x, 1, p be non-trivial characters of
R* such that xip = 1. Note that the largest two values of ey, ey, e, are equal.
Let a,z1,29 € R* and let © € Z>y. Then

Z X(@)W(z2)plazs + m'zy) = Z x(@)p(a +7'z)

z2€(R/Pe)X T€(R/Pe)*

= > X(@)(z)plaws + '),

z1€(R/Pe)%



and this is equal to 0 if e, < e, +i — 1.
Proof. Fix v € (R/P°)*. Then

Z X(x1)1p(22) plazs 4+ m'ay)

;BQE(R/PE)X

= (xwp)(v) > x(@)(w)plazy + 7'ay)

z2€(R/Pe)%

= Z x(vay )b (vry) plavay + mvx)

zo€(R/Pe)%

— Z x(vr)Y(ze) plazy + 7vxy).

xo€(R/Pe)%

Because vz takes all values of (R/P€)* if v runs over (R/P¢)*, we obtain that

S X(@)v(zs)plazs + ')

z2€(R/Pe)%

is independent of z; € (R/P¢)*. In the first equality, we put z; = 1:

> x(a)g(ws)plazy + 7'w) = > W(x)plazy + )

z2€(R/Pe)* x2€(R/Pe)X

— Z Yz Hplar™ +7°)

z€(R/Pe)*

= ) @) M@)pla+ ')

z€(R/Pe)%

= Y x@la+ )

z€(R/Pe)%
This is the first equality we had to prove. Analogously as before, we obtain that
Z X(@1)¥(wa)plawy + w'ay)
z1€(R/Pe)*

is independent of z5. If we put o = 1, we obtain the second equality. We can use
either of the equalities of (2.6) to prove that it is equal to 0 under the condition
e, <ey+i1— 1 [

(2.8) Proposition. Let R be a DVR and let x,1, p be non-trivial characters of
R* such that xy¥p = 1. Then

=Y Ml o) = = Z¢ p(1+3).

x1,22,21+x2E(R/Pe)X z€(R/Pe)X 1+P)



Proof. The map {(x1,22) | 21,22 € (R/P°)* and x5 ¢ —1 4+ P} — {(z1,22) |
X1, o, 1 + X9 € (R/P)*} 1 (21, 29) — (21, x122) is a bijection. Therefore

Z X(z1)Y(z2)p(21 + 72)

1’1,1’2,1’1+126(R/P€)X

- Z X($1)¢(x1$2)p(x1 +.1'1x2>

LL‘1,LL‘2€(R/P8)X ;$2$—1+P

= >, (x2)p(1 + 3)

z1,22€(R/P®)*;x0¢—14+P

= (¢— )¢ > U(@)p(l + ). O

z€(R/Pe)X\(~14P)

(2.9) Proposition. Let R be a DVR and let x, p be non-trivial characters of
R* such that xp # 1. Let a € R*. Let i € Z>o. Then

Z x(x1)p(ax, + 7o) = 0,

z1,22€(R/Pe)*

Z X(xl)p(alé-i-ﬂixl) = 0,

z1,22€(R/P¢)%

> x(x)p(z2) = 0.

x1,22,21+x2€(R/P¢)>

Proof. Let v € (R/P¢)* such that (xp)(v) # 0. The map (z1, x2) — (vxy,ves) is
a bijection of {(z1,x2) | 1,22 € (R/P€)*} and also of {(x1,x2) | x1, 2,21+ 22 €
(R/P¢)*}. Therefore

Z x(z1)plazy + m'ay) = Z x(vzy)plave, + 7o)

z1,72€(R/Pe)* z1,T2€(R/Pe)X

= (xp)v) D xl@)plazs +7'ws),

Il,IQE(R/PE)X

Z x(z1)plazs + m'zy) = Z x(vry)plavey + w'vx)

z1,02€(R/Pe)* z1,02€(R/Pe)*

= (xp)(v) Z x(@1)plazy + m'ay)

xl,IQE(R/Pe)X
and

Z X(@1)p(z2) = Z x(va1)p(vas)

x1,x2,21+x2€(R/Pe)* x1,x2,21+x2E€(R/Pe)*

= (xp)(v) > xla)p(wa).

x1,x2,21+2x2€(R/Pe)X



Because (yp)(v) # 1, we obtain our statements. O

(2.10) Proposition. Let R be a DVR and let x,, p be non-trivial characters
of R* such that xyp # 1. Let a € R*. Let ¢ € Z>o. Then

> x@)e(es)plary + 7'wr) = 0,

x1,x2€(R/Pe)X

> X(z1)(ze)p(z1 +12) = 0,

z1,z2,x1+x2€(R/P)*

Proof. We obtain these equalities analogously as in (2.9). Now we have to take
v € (R/P°)* such that (xip)(v) # 1. O

3 The vanishing result

Let K be a p-adic field, i.e., an extension of QQ, of finite degree. Let R be the
valuation ring of K, P the maximal ideal of R, 7 a fixed uniformizing parameter
for R and ¢ the cardinality of the residue field R/P. For z € K, let ordz €
Z U {400} denote the valuation of z, |z| = ¢~°* the absolute value of z and
acz = zm "% the angular component of z.

Let X be an open and compact subset of K3. Let f be a K-analytic function
on X. Let g : Y =Y, — X = Y, be an embedded resolution of f which
is a composition ¢; o --- o g; of blowing-ups g; : ¥Y; — Y;_; with centre a K-
analytic closed submanifold which has only normal crossings with the union of
the exceptional surfaces in Y; ; and with exceptional surface F;. Let x be a
character of R*.

Proposition. Let r € {1,...,t} and let P € Y,_; be the centre of the blowing-
up g,. Suppose that the expected order of a candidate pole sy associated to E, is
one. Suppose that there exists a chart (V,y = (y1,y2,y3)) centred at P on which
fogio---0g._1 is given by a power series with lowest degree part of the form
eySubyT (y1 + yo)", with e € K* and k,l,m,n € Zsq. Then the contribution of
E, CY to the residue of Zs,/(s) at s is zero.
Proof. We may suppose that fog; o 0g,1 = eyiyby?(y1 + y2)" + 6 and
(gpo---0g,1)dr = pyf‘lyg_lyg_l(yl + 42) tdy with a,b,c,d € Zso and p, 0
K-analytic functions satisfying p(0,0) # 0 and mult(0) > k + [ +m +n. Remark
that at least one of the numbers a, b, d is equal to 1.

We look at the chart (O,z = (21, 22,23)) on Y, for which g.(z1,29,23) =
(2123, 2223, 23). Then

0(2123, 2923, 23)
_ JktHl4m+ kI 1%35, <243, <3
fogio-o0g, = 23 mn<32122(21+22)n+z3

k+l4+m+n+1
Z3
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and

(gro---0g.)'dr = p(z123, 2023, 23) 27 L2 1 25T0FeTd=2(5) 4 20)4 142,
Remark that the equation of F, is z3 = 0, that N, = k + [+ m + n and that
v, = a+b+c+d—1. The contribution to the residue at sg of the strict transform
in Y of an open and compact subset A of F, C Y, which is contained in O is
equal to (¢ — 1)/(¢N, log q) times

[/ e1*1(0,0,0) x(ac €)x* (ac 21 ) (ac 22) X" (ac 21 +22) |2 [+ 251071 2y 2141 dzy A dzs|

A s=sg
Let (O, 2" = (24, 25, 25)) be the chart on Y, for which g, (2!, 25, 25) = (2125, 25, 2,2%).
Analogously as before, we obtain that the contribution to the residue at sy of the

strict transform in Y of an open and compact subset B of E, C Y, which is
contained in O’ is equal to (¢ — 1)/(¢N, log q) times

[/B [€]*1p(0,0,0)[x(ace)x* (ac 21 )x™ (ac 23) x" (ac 21 +1) 21|+ 25 e 2] 4 17497 d2] A dizg]
Let (0", 2" = (21, 24, 2{)) be the chart on Y, for which g, (27, 2, 25 ) = (27, 2724, 2 25).
Analogously as before, we obtain that the contribution to the residue at sy of the
strict transform in Y of an open and compact subset C' of E, C Y, which is
contained in O” is equal to (¢ — 1)/(¢N, log q) times

[/ le[*]p(0,0,0)[x(ace)x' (ac z2)x™ (ac 23) X" (ac 1+22) |25 [ F0 7z et 1 4 25|+ 47 dzg A dzs|

c §=80
Now we take A = P x P, B= P x R and C = R x R. Because these sets

form a partition of F, C Y,, we have to prove that

mc

{/ xk(ac zl)xl(ac 29)x" (ac 21 +22)|zl|ks+a_1|22|l5+b_1|zl + 22|”5+d_1|dz1 A dz'g]
A

S=S8p
mec

i U X’“(aCh)x’”(aCZs)X”(ac21+1)|Zik”“IIZéIm”“1|Z£+1I"S+d1|dZiAdZ§|} ()
B

S=S80
mec

+ U X' (ac 22)x ™ (ac 23) X" (ac 1+22) |25 |0 2| F 7L 4 2 [P dag A dizg ]

C s=80
is equal to zero. Note that we have omitted the brackets in for example ac(z;+22).
Put oy = ksg + a, ag = lsg + b, a3 = msg + ¢ and oy = nsg + d. In [Sel], we
proved that oy 4+ as + a3 + a4 = 1. To simplify our notation, we will put s = sq
in the integrand. This is not exact because the integrals do not have to converge.
We actually have to calculate these integrals for complex numbers s satisfying
Re(s) > 0, and we have to evaluate the meromorphic continuation in s = s.
This can be done in mind while reading the calculations. With this convention,
the expression above is equal to
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/ Xk(aczl)xl(ac ZQ)X”(ac21—|—z2)|21\0‘1_1|z2|o‘2_1|21—|—22|a4_1|dz1 A dza|
PxP
+ xk(aczl)xn(aczl+l)|zl\“1_1|zl+1\“4_1|dz1|/ xX™(ac z3)| 23] " d2s|
R

+

/)
J,

X' (ac 22)x"™ (ac 14 22) [ 22|** 1 1+ 2| 7 |dzo| / X" (ac z3)| 23] % | dzs].
R

Note that

el L fym=1
H:= m az—1 g = q 1—q=°3
[ ezl il = { o

To calculate the first term in (x), we partition A into

A1 = {(x1,22) e Px Plordz >ordz} = |_| {(#1,22) | ord 21 > ord zo = i}
1€Z>0

Ay = {(z1,22) € Px Plordz <ordz} = |_| {(#1,22) | it = ord z; < ord 22}
1€Z>0

As = {(#21,22) € Px P|ordz =ordz} = |_| {(#1,22) |ord 21 = ord 2z = i}
1€Z>0

To calculate the third term in (x), we partition C into C; = (R\ (PU —1+
P))x R, Cy=Px Rand C3 =(—-1+ P) x R.
We have that N, is a multiple of the order of x because sy is a candidate

pole of Z;,(s) associated to E,. Because N, = k + [ + m + n, we obtain that
1= XNT —_ Xk—l—l—&—m—l—n.

Let e be the maximum of the conductors of y*, x!, ™ and x".

Case 1. Y\ =y =x"=x"=1

The calculations for this case are the same as those for Igusa’s p-adic zeta function
with trivial character, and this can be found in [Sel].

Case 2. Y* =y™ =1and \/, x\" #1

Note that x' = x™" and that e = €yl = Eyn.
The contribution of A; to the first term in (%) is equal to

oo
> ( Lo xl<aczQ>x"<aczl+22>zl|al1|z2|a21|z1+zf41|d@> d21]
121 k2 K3 k2

oo
_ Zq—i(a2+a4—2) / |Z1|a1—1 (/ | Xl(aczz)xn(aczl—i—22)|d22|> |dz|
] pit1 Pi\Pitl

2
7q - ]‘qf(efl)al 1 + q — 1 .
q2 qa1+a2+a4—1 -1 q (1 _ q—a1)(qa1+a2+a4—1 — 1)

—e]
q
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For the last equality, note that by Proposition 2.5

[ deeanentaldnl = o 3 x5 aca) + 22)
Pi\ P+t q 2Ry Pe)x
0 ifordzy —ie{l,...,e—2}
= —q ! ifordz; —i=e—1

(q—1)g= ! ifordz —i >e.

The contribution of As to the first term in (%) is equal to

o
> ( Lo xl<acz2>x"<acz1+z2>|zl|a1-1|@|w—lz1+z2|a4—1|dz1|> dz2)
i=1 ¢ AP

) |d232|

oo

= S [ a0 entlda)
i—1 P11+1 Pi\Pi+1

= 0.

For the last equality, note that by Proposition 2.4

1 )
[ XGemimlnl = Y e
PI\PiH 2 E(R/Pe)x

The contribution of As to the first term in (x) is equal to

o0
> / / X (ac 22)x" (8 21+ 22) |21 |22 21 22| dza | ||zl
i—1 i\ pitl Pi\ pitl
0 .
= S [ (Vew) [ el |
=1 Pi\ pitt — 2o Pit1

+x!(ac 22)/

X" (ac 21 +20) |21 4+ 22| d2 | | |d2a|
(PP (—2p P

oo

St [ (o) [ Gaes)fln
Pi\pitl Ppitl

i=1

i (aez)g oD [

(PAPHI (22 +P)

(o) .

3 fi<m+az+a473>/ _xlaem) s~ )] ja
K i X (z Z

i=1 Pi\ pitl ( qite (2) | ldz|

z€ac zo+P

X”(aCZ)dZ|> dz|

{0 ife>1

q-1 1 ife —
T @ geitastai-i_7 ife=1.

For the third equality, note that

13



/ X"(ac 2)|2] ¥ 1dz| = 0
pit+l

and that for 2, € P*\ P!

/ x"(ac z)|dz|
(PP (22 +Pi+1)

= [ Waeaidsl - [ x(aes)lds
(Pq‘,\PH—l) z2+Pi+1

D ORE ORI SO

z€(R/Pe)* z€ac zo+PC(R/Pe)*

Sl D D!

z€ac zo+PC(R/Pe)*

The second term of (k) is equal to
e nlaf dal [ faftdz
P R

e—1
(Zq‘“(’“‘“ [ xaestnidal+ [ z1|a1-1|dz1|) [ Jzal
= Pi\ pi+l pe R

2 —ea
_ _q—qu(H)al L (et q .
¢ IS q (I—g)(1—gq )

For the last equality, note that by Proposition 2.4

/ X" (acz1+1)|dz | :/ X"(aczl—i—l)\dzl\—/ x"(acz1+1)|dz |
Pi\PH—l Pi

pit+1
1 n 1 n

= — 3 X"(z) — — > X"(2)
q 2€1+PIC(R/Pe)X q 2€E1+PHIC(R/Pe)X

[0 ifie{l,...,e—2}

- fq% ifi=e—1.

Using Proposition 2.5 we obtain that the contribution of C} to the third term in
(%) is equal to

/ Xl(aCZQ)Xn(aC 1+zz)|d22|/ |23|a3_1|dz;3|
R\(PU—1+P) R

1 g—1 1
— > X ()X (1+22) | — ———
g l—gq s
22€(R/Pe)*\(=1+P)
0 ife>1
= g—1 1

peab ife=1.
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Using Proposition 2.5 we obtain that the contribution of C5 to the third term in
(%) is equal to H multiplied by

/ Xl(ac z2)x" (ac 1—|—22)|22|a2*1|d22|
P

e—1

= Zqﬂ(azfl)/
i=1 P
el —iaz—1)

= Zq qi+€ Z Xl(z)va(1+7riz)

i=1 2€(R/Pe)x
= 0.

Xl(aCZQ)X"(ac1+22)|d22|+/ x'(ac z3)| 22|27 1| d 2o |
i\ pitl Pe

Using Proposition 2.5 we obtain that the contribution of C5 to the third term in
(%) is equal to H multiplied by

/ Xl(aczQ)xn(ac 1+22)\1+ZQ\°‘4_1\d22\
_14P

— /Xl(ac —1+22)x"(ac22)\22|a4_1|dzg|
P

e—1
= Zq*i(‘“*l)/ Yl (ac —1+29)x" (ac 22)|dz|
i=1 P\

i Pi+1l

(1) / X (8¢ 22) |2z
PE
e=l _i(as—1)
q 7 n
DIl DTG R S E
i=1 €(R/P*)*
= 0.

The contribution of A; cancels with the one of B. The contribution of A3 cancels
with the one of ;. Here, we have to use the fact that a3 + as + az + ay = 1.

Consequently, the contribution of E, C Y to the residue of Z;,(s) at s is equal
to zero in this case.

Case 3. Y* =y =1and Y, \"#1

Using Proposition 2.4 we obtain that the contribution of A; to the first term in
(%) is equal to

o0
> / ( / x”(aczl+zQ>|zlal1zQ|“21|z1+zQ|a41|sz|> jdz|
oy J Pitl Pi\Pi+1
e .
= Zq_l(a2+a4_2)/ |21|O“_1 (/ Xn(ac 21+Z2)|d22|> ‘dZ1|
i—1 pitl Pi\pitl

15



o0
. 1
—i(az+ay—2) -1 d
2 e Ll (W DG lac(zl)+22)) dz |

Pt 22€(R/Pe)x
= 0.

Analogously, we obtain that the contribution of Ay to the first term in (x) is
equal to 0.

Using Proposition 2.3 we obtain that the contribution of A3 to the first term in
(%) is equal to

oo

S Lo wemtmlaln el e )
o0

= Zq*l(“l*”’”/ (/ X" (ac 21 +22) 21+ 2] %7z |
] Pi\Pi+1 \J_z,+Ppit1

)
(PAPIH)\(~ 20+ P+

— Zq—z(a1+a2+a4 3)/

P\PWIA;APHUw—n+PHU

x”(acz1+z2>|z1+Z2|%—1Id21'> dz|

X" (ac z1+22)|dz1||dzs]

q —i(a1+az+as—3)

oo
= Z — > X" (21 + 22)
z1,22,21+22€(R/P¢)*

e

The second and the third term in (x) are both equal to zero. Indeed, we have
that H = 0 since x™ # 1.

Case 4. Y =1 and %, ¥/, x\" # 1

We may suppose that e,» < e,«x and that e,» < e,.. Note that e,» = e, and e
is by definition this value.

The contribution of A; to the first term in (%) is equal to

X

Z/ (/ acznxl(acZ2>x”<aczl+zZ>|zlal1zQ|a21|z1+zQ|“41|dZZDldzl|
P1+1 Pq\PH—l

= Zq*i(aﬁa‘l”)/_ Xk(aczl)zﬂall(/_ , Xl(acZQ)Xn(aC21+ZQ)|dZQD|dZ1|
i=1 P

P'H»l L\P1+1
= 0.

For the last equality, note that by Proposition 2.6

1
/v _ x'(ac z0)x™ (ac 21 +22) |dza| = paws Z X (z2)x™ (7T A " ac(21) 4 22)
1\P'l+1 ZQG(R/PE)X

16



= 0.

Analogously, we obtain that the contribution of Ay to the first term in (x) is
equal to 0.
The contribution

Z/ </ aczl>xl<ac22>x”<aczl+zQ>|z1|°“-1|zQ|a2—1|zl+zzl““‘1|dZQDIdZ1|
1.\P7,+1 7

\P1+1

of As to the first term in (%) is the sum of two parts.
Part 1. Using Proposition 2.7 we obtain that

zqwaﬁ (/ xk(acz1>xl<aczQ>x"<acz1+z2>zl+z2|“4lldzzbldzn

i1 Pi\pitl 214+ Pitl
o0
=Yg [ (acaae —a) [ 3 sleafdl
p— P'L’\P'i«i»l P7L+e
e—1
+> / X (ac z)x (ac —z1+22)x" (ac 22) 2] dzs] | [z
o1 Pita\Pitit

o0
— Z q—i(a1+a2—2)
7:_

—(i+j) (a—1)

/ Zq pESTE 3 wF(acz)x (ac(—21) + 1 z)x" (22)ldz]
1P1,+1

ZQG(R/PE)X
_ Zq—l o1taztoy— 2)/

—J(¥4

> X (147 2)X" (22)|dz |

P \PHl 22€(R/Pe)x
g—1 1 = q—ja4 l J n
= a1tastag—1 1 Z e Z X (_1 + Z2)X (Z2)
¢4 i1 U L e(r Py

Part 2.

oo
Zq—i(a1+a2+a4—3)/ (/ Xk(aC z1)xl(ac Zg)Xn(aC Zl+22)d32D|dzl
P} pi\ pit1 (Pi\Pi+1)\(—z,+Pit1)

= P qoitoata 1 | Z X" (20)x (22)x" (21 + 22).
21,22,21+22€(R/P¢)*

Using Proposition 2.6 we obtain that the second term in (k) is equal to H mul-
tiplied by

/ Xk(ac 21)x™(ac 21 +1) |21 |** 71 |d 2y
P

e—1
Z i) /
=1

Xk(aczl)xn(ac21+1)|dz1|+/ x"(ac z1)| 21| 7 dz |
Pi\pi+1 Pe
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e=l _i(a1—1)

q .
= Z ite Z X (X" (7' + 1)
-1 1 2€(R/Pe)x
= 0.

The contribution of C; to the third term in (*) is equal to

/ Xl(aczg)xn(acl-l-zz)\sz\/ |Z3\”‘3_1\d23\
R\(PU—1+P) R

= (1 > X (z2)x" (1 + 22)) %ﬁ'

T (RPN (—14P)

The contribution of Cy to the third term in (x) is 0. The calculation is the same
as the calculation of the second term.
The contribution of Cj to the third term in (x) is equal to H multiplied by

/ XL (8 22)x™ (ac 14 29) 1+ 20|~ |dz1|
—14+P
- /Xl(ac —1—|—z)x"(acz)|z|a4_1|dz|
P

e—1
= Y g / X (ae —1+2)x" (ac 2)|dz] + x'(~1) / X (8 2) 2] dz|
= P pe

3\ Pi+1
efqujou; l ‘
= > — > X(1+rx"(2)
J=1 q z€(R/Pe)*

The contribution of C3 cancels with the one of the first part of As. Using Propo-
sition 2.8 we obtain that the contribution of C; cancels with the one of the second
part of As.

Case 5. Y" =1 and x*, ¥/, Y" # 1

The contribution of A; to the first term in (x) is equal to

o0
Z/P,.+1 </Pv\P.+1 Xk(aczl)xl(aczzﬂzﬂal1|Z2|a21|21+22|a41|d22|> |dz |
i:l (2 k2 T

_ 2 :q—i(a2+a4—2)/ Xk(aczl)lzl|a1—l (/ Xl(aCZQ)|dZQ|> \dzl\
i—1 Ppit+l Pi\Pi+1
= 0.

Analogously, we obtain that the contribution of Ay to the first term in (x) is

equal to 0.
The contribution

o0
> / / X (e 21)x! (ac 2) |21 2] %2 21 +20]* 2o | |dza |
i1 J Pi\Pitt pi\pitl
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of As to the first term in (%) is the sum of two parts.
Part 1. Using Proposition 2.9 we obtain that

}
o0
= Y / ( [ ez e Zl+22)|22°‘41d22> dz]
Pi\Pi+1 pitl

z(a1+a2 Q)Zq—(H—J ag— 1/

pi

Y gt / (/ X (ac 21)y (ac z2>|zl+zQ|“4-1|dzzl> |dz1]
P i\ Pitl — 2+ Pit1

Pllﬂg i

/ (acz1)x' (ac —z1+22)|dz2||d2 |
i\ Pit1 L+J\p

iti+1

s
Il
_

—j(aa—1)

. _
—i(on +aztas—3) Z e Y, X (—a+ i)
=11 21,22 €(R/Pe)

E'qg

—

Part 2. Using Proposition 2.9 we obtain that

Zq—i(a1+a2+a4—3) / (/ Xk(ac zl)xl(ac 22)|d22|> |d21|
i—1 Pi\PH—l (Pz‘\PH—l)\(_zl_;’_PH—l)

1 1 k l
R — > X" (21)x (22)
z1,22,21+22€(R/P*¢)*

= 0.

The second and the third term in (x) are both equal to zero. Indeed, we have
that H = 0 since x™ # 1.

Case 6. x*, X', X", X" # 1
Using Proposition 2.10 we obtain that the contribution of A; to the first term in
(%) is equal to

Z / (/ acz1>xl<acz2>x"<acz1+z2>|zl|a1-1|z2|“2—1z1+z2|a4-1|dz2Ddz1
i+1 pl\PL+1

= Z Z g ileatas=2)=(i+5)(er—1)
i=1 j=1

/ / x"(ac 21)x! (ac z0) X" (ac 21+ 22) |dza||d2 |

—i(aztos—2)—(i+j) (a1 —1)

q o
= ZZ 21+]+2e Z Xk(zl)xl('zQ)X (7TJ21+Z2)
i=1j=1 21,22€(R/ Pe)X
= 0.

Analogously, we obtain that the contribution of Ay to the first term in () is
equal to 0.
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The contribution

oo
> / / X" (e 21 )x (ac z2) X" (ac 21+ 22) 21| 22| %221 22| |dz | dza
i—1 Pi\Pi+1 Pi\Pi+1

of Az to the first term in (%) is the sum of two parts.
Part 1. Using Proposition 2.10 we obtain that

o0
Zqi(“l*“”)/lf),\lp,“(/ A’i(acznxl(acZ2>x”<aczl+zQ>|zl+ZQ|a4lld@Ddzu
7471 k3 3 72141’, T

oo
= Zq_i(o‘1+a2_2)/ (/ x"(acz1)x! (ac —21+ZQ)X"(aczQ)|22|a4_1|d22Dd21
P pi\Pi+1\JP

i+1

— Z q—i(a1+a2—2) Z q—(i+j)(014—1)
i=1 J=1

/ / Xk(aczl)xl(ac —z1+22)x" (ac 22)|dzs||dz1 |
i\ Pitl J piti\ piti+1

oo ) 3 e q_j(a4_1) k 1 1
Yogitestam Y e Y. XX (Cat ) (=)
i=1 =4 z1,22€(R/Pe)*

= 0.

Part 2. Using Proposition 2.10 we obtain that

Zq*i("”*a?*a“g)/ (/ X" (ac 21)x! (ac 22) x™ (ac 2 +z2)szD|dz1
i=1 PP\ J(PAPTH)\(

—zPit1)
= ﬁqa1+a2+a4—1 1 Z X" (21)x (22) X" (21 +22)
z1,22,21+22€(R/P¢)*

= 0.

The second and the third term in (%) are again both equal to zero.
We have treated all the cases by using the geometric symmetry of the problem,
so our proof is finished. O
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