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Abstract

Kernel Principal Component Analysis extends linear PCAfiEuclidean space to any repro-
ducing kernel Hilbert space. Robustness issues for Ker@él &e studied. The sensitivity of
Kernel PCA to individual observations is characterized &algalating the influence function. A
robust Kernel PCA method is proposed by incorporating Ksringhe Spherical PCA algorithm.
Using the scores from Spherical Kernel PCA, a graphicalmhatic is proposed to detect points
that are influential for ordinary Kernel PCA.
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1. Introduction

Principal Component Analysis (PCA) is a well known tech@qglesigned to reduce the di-
mension of a data set by projecting onto a lower dimensianagace. Kernel PCA (Scholkopf
et al., 1998) is an extension of PCA where the data are firsppetanto a high dimensional
feature space. Then ordinary PCA is performed in this feaspace. A remarkable aspect is
that the explicit feature vectors are not needed to commatedsulting scores. Only the inner
products between feature vectors are required. This makessible to apply the kernel trick:
one replaces all inner products by a kernel function thahizssen beforehand (see for exam-
ple Scholkopf and Smola (2002) for an extensive overvieweshel methods). This extension
from linear to Kernel PCA has found many applications in régears. It is for instance easy to
consider types of non-linear PCA, simply by defining an appede non-linear kernel function.
Also when the data consist of objects rather than real nusnbach a kernel formulation is very
attractive: it sifices to define an appropriate kernel function between any il sbjects. For
example in text and string analysis, kernel methods enjagaeasing popularity (Shawe-Taylor
and Cristianini, 2004).

The current paper addresses some questions about influgmgirvations in Kernel PCA.
For linear PCA this has been studied intensively. It is kndkat some observations are rel-
atively less important than others. Points close to theereior example do not really help a
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lot determining principal components. Observations faayawom the center on the other hand
are much more influential. Actually, it is even possible thia¢ or a small fraction of observa-
tions in the data set almost fully determines the principahponents. Sometimes this is not
desirable, since then the structure of the majority of thta éanot learned anymore. Therefore
many robust PCA algorithms have been proposed, for instayntecantore et al. (1999); Hubert
et al. (2002); Croux and Ruiz-Gazen (2005); Hubert et al080Maronna (2005); Serneels and
Verdonck (2008); Chen et al. (2009); Hubert et al. (2009)esehmethods are lesfected by
outliers and produce scores which do fit the majority of thia g@ints. Additionally outliers can
be detected using these methods in appropriate diagnostg t

The goal of this paper is to extend these robustness issuadifrear PCA to general Kernel
PCA. Our contribution is threefold. Firstly a theoreticabdysis of the fect of contamination
for ordinary Kernel PCA is provided. To this extent we ca#talthe influence function (Hampel
et al., 1986) of Kernel PCA in Section 3. We show that the infagefunction can be arbitrary
large for unbounded kernels. This means that very smaliifnag of observations can completely
determine the results, such that the structure of the ntyjofithe data is not reflected. When
the kernel is bounded however, the influence function is dedras well.

Since the influence function indicates that a small fractbrrontamination can be very
influential for a general unbounded kernel, our next step isanstruct a robust Kernel PCA
algorithm. To this end Spherical Kernel PCA is proposeds laigeneralization of the linear
method from Locantore et al. (1999). The first step is a robestering of the data, which is
explained in detail in Section 4.1. The entire Spherical KR€ocedure is given in Section 4.2.

In practice it is often dficult to detect influential observations and to know how todian
them. To perform such detection for ordinary KPCA a visuapttly is constructed in Section 5
applying an idea from Pison and Van Aelst (2004).

Section 6 illustrates our new methods on some specific exeanitlis shown that influential
observations in the data can be neutralized and detectegl 8pherical KPCA, whereas classical
KPCA fails to do so.

2. Kernel PCA

Assume that we have a samplerobbservations in some non-empty gét x; € X, i =
1,...,n. The following definitions are taken from Steinwart and Gtmiann (2008).

Definition 1. LetX be a non-empty set. Then a function K x X — R is called akernelon X
if there exists &R-Hilbert spaceH with an inner product-, -y and a mapd : X — H such that
for all x, X" € X we have

K(x, X) = (®(x), D(X)). 1)

We call® a feature map and{ a feature space of K.

Definition 2. Let X be a non-empty set an#l be aR-Hilbert function space over X, i.e., a
R-Hilbert space that consists of functions mapping firmto R.

1. A function K: X x X — R is called a reproducing kernel off if we have K-,x) € H
for all x € X and the reproducing property(X) = (f, K(-, X)) holds for all f € H and all
x e X.



2. The spacéH is called a reproducing kernel Hilbert space (RKHS) oxeif for all x € X
the Dirac functionaby : H — R defined by

ox(f) i =f(x), f e H
is continuous.

Note that any reproducing kernel is a kernel in the sense &ifiltien 1. The RKHS is also a
feature space df, with feature magb : X — H given by

D(X) = K(+, X). x e X.

We then calld the canonical feature map.

Given a specified reproducing kernel function, Kernel PCAitrlly performs linear PCA
in a feature spacé{ instead of the original spac&. Scholkopf et al. (1998) show that the
solution of this problem can be obtained only in terms of theer products between feature
vectors. Assume that the feature vectors are mean-cent®rebteQ the matrix containing
(D(x), D(x;)) asi, j-th entry. The first principal component equals the directitaximizing the
variance of the projections onto this direction. Since agipgal component is always contained
in the space spanned by the observations, this directiobeamitten as a linear combination of
the feature vectors. Let= (ay,...,an)! € R". Then

= <Zn: @ d(x), Zn: a/iq)(xi)> = a'Qa.
= =

Thus the condition''Qa = 1 ensures that the norm off, a;®(x) equals 1. Moreover the
projection of feature vectab(x;) onto such a direction equals

i®(X)

(> 000 000)) = Y o (000 006)) = (20
i=1 i=1

Thus maximizing the variance of these projections is edeintdo
maxa'Q%e  subjectto  'Qa = 1. (2)

The maximum is obtained far equal to the eigenvector 6f corresponding to the largest eigen-
valueA,, with norm equal tolIl/z. Denote the unit norm eigenvector correspondinggtasa™.

Then the score of a new feature veolgix) corresponds to

n (l) n (1)
<Z —(D(x.) <D(x)> Z — <<1>(x.) (X)) 3)

It is now clear that expressions (2) and (3) depend on theifeatectorsd(x;) only through
pairwise inner products. For a Reproducing Kernel Hilb@a&H these inner products can be
evaluated using the underlying kernel function (Definitign
Note that the feature vectors were assumed to be centereddarero. However, centering
around the mean can be performed explicitly. Taking thie atcount, Scholkopf et al. (1998)
end up with the following result:
3



Algorithm 1 (Kernel PCA). Given a sampleX...,X, € X. LetK: X x X — R be a kernel
with corresponding feature space. Then the kth Kernel PCA (KPCA) score functignas
x € X equals:
n LM 13
() =) ——|KMX,X)-=> K(x,X
();w—k (.)n;( )]

with o the unit norm eigenvector belonging to the kth largest eigare 1, of the mean cen-
tered kernel matrix2; meanWith entry i j equal to

n

(Qmean = K06, %) -~ 7 37 Ko ) - %kz; K06 X0+ 5 7 D KOk x.)). @

k=1 1=1
Some well known kernels whexi ¢ RY are the linear kernel
K(u,v) = u'v,
the polynomial kernel of degrge> 0 with offsetr € R*
K(u,v) = (u'v +1)P,
and the Radial Basis Function (RBF) kernel with bandwidth R*
K(u,v) = g IuvIF/e?,

Many more types of kernels exist, see for instance Schélaod Smola (2002) and Shawe-
Taylor and Cristianini (2004).

Note that KPCA with a linear kernel produces exactly the sanwes as traditional linear
PCA. Although the computation in Algorithm 1 might seem wmalsat first sight (using the
eigenvectors of tha x n kernel matrix rather than the maybe more usual decomposifithe
d x d sample covariance matrix), the resulting score functicthéssame. So KPCA with the
linear kernel is just a dierent formulation of classical linear PCA, of course with #dvantage
that in the KPCA formulation only the inner products betw#es data vectors occur. This can
then be exploited to extend PCA to an arbitrary reproduciexnél Hilbert space as done in
Algorithm 1.

Once the score functions are determined one typically coesmunewn x mdata matrix con-
taining the firstm scores of the original inputs;: s(x;) for j = 1,...,nandk =1,...,m. This
can have several purposes. When the original dats high dimensional one can for instance
achieve dimension reduction by choosimgnot too large, which is usually the goal of linear
PCA. For well chosen non linear kernels such as RBF or polyaloan additional goal can be
capturing non linearity in the original data, such that aéinmethod can be used on the new data
s(x;), evenif the original data; exhibits a non linear structure. Several authors for ircgarse
KPCA with a RBF kernel on high dimensional microarray datadostruct lower dimensional
score vectors. Afterward simple linear discriminant aselys successfully used to classify the
data, although the original data might show a non linearstfiaation pattern (Liu et al., 2005;
Pochet et al., 2004; Yang et al., 2005). Also in clusteringigptions such strategies are reported
succesfully, especially with a RBF kernel (e.g. Liu et aD@8)). Another application of KPCA
is in the area of denoising. If data are given from non lingexcsure with additional noise,
KPCA with a non linear kernel often succeeds in retrieving timderlying structure. This is
typically very useful in image analysis, when noisy imagesdenoised by using score vectors
obtained by KPCA (e.g. Mika et al. (1999)).
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3. The influence function of Kernel PCA

Let P be a distribution on an arbitrary measurable spécéet K be a reproducing kernel
function onX with corresponding canonical feature spadeand canonical feature map :
X — H as in Definition 2. Recall that{ is a Hilbert space of real functions ot and the
reproducing property yields, ®(x)) = f(x) for everyf € H, x € X. Throughout this section it
is assumed that is separablep(x) is P-measurablé'x € X andEp||®(X)|]> < co. Define the
centered covariance operats by

Cp:H — H: f — Cp(f) = Epf(X)D(X) — Ep f(X)Ep®(X).

The operatoCp is a well-defined, compact, positive and self-adjoint Hitsgchmidt opera-
tor (Blanchard et al., 2007). Therefore it has a countabkxtspm of positive eigenvalues
Ap1 = Ap2 > ... with an associated orthonormal basis of eigenfunctieag. Thus for any
function f € H we have that

f = epper; and  Ce(f) = > pi(f, empem;.

Given a distributionP with Ep||®(X)||? < o, we denote byC, 1; andg the maps such that
C(P) = Cp, A4i(P) = Ap; ande(P) = ep;. Theith KPCA scoresp; € H in x € X is the inner
product of thath eigenvector with the centered spi(X) = (epj, D(X) — Ep®(X)).

We aim at quantifying the sensitivity of the mapsande under small changes of the under-
lying distributionP. To this end the influence function Hampel et al. (1986) isluse

Definition 3. Given a statistical functional T mapping a distribution PtofT (P). Consider the
contaminated distribution

Pez=(1-€)P+eA;

for small enougle. The distributionA; is the Dirac distribution which puts all probability mass
at the point z. Then the influence function of T at the distidiouP is defined as
T(Pey)-T(P
IF(z T.P)=lim T(Pe2) - T(P)
€l0 €

in every point z where this limit exists.

ThuslF(z T, F) measures thefiect onT under infinitesimally small contamination at the point
z For linear PCA the influence functions of the eigenvaluastae eigenvectors were derived
by Critchley (1985).

3.1. Results
We prove the following theorem for KPCA.

Theorem 1. Let P be a distribution oX such thatEp||®(X)|]?> < . Letie N be such that
Api # Apj for all j #i. Then the influence functions &fand g at P in ze X are given by

IF(z A, P) = si(2° - Api.

(2

F@e.P)=s@ ). p =l

j=Lj#i
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Proof

First note that
Ep_IO(X)I? = (1 - e)Eplld(X)I1* + el®@)I* = (1 - O)Epll@(X)II? + eK(z 2).

ThusEp||®(X)II? < oo implies thatEp_||®(X)|?> < co and the operato€e,, is a well defined,
positive, compact and self-adjoint Hilbert-Schmidt operaHence the mapg ande exist at
P..foranye € [0, 1] and anyz € X. Sinceg (P) is a normalized eigenfunction for aiy it holds
that

(8(Pe2).6(Pe2)) = 1.
Taking the derivative with respect tdn € = 0 on both sides yields
(IF(z e,P),epj) =0.

DenoteH*' the subspace df orthogonal to théth component. ThetF (z g) € H*'. Further-
more we have that

Ai(Pez)e(Pe2) = Cp,,(6(Pe2)
= Ep_,(&(Pe2), D(X))D(X) - Ep,,(&(Pc2), (X))Ep,,O(X).

Taking the derivative with respect toin € = 0, hereby usind®.; = (1 — €)P + €A, and inter-
changing expectation andftérentiation, yields

IF(z i, P)a(P) + 4i(P)IF (z &, P) = —Ep(&(P), ©(X))@(X) + (& (P), ©(2))®(2)
+ Ep(IF (z &, P), (X))®(X) - Ep(IF (z &, P), D(X))Ep®(X) — (&(P), ®(2))Ep®(X)
+ Ep(&(P), (X))Ep®(X) — Ep(& (P), (X)) (®(2) — Eo(X)). (5)

Observe that by definition @@ it holds that
Ep(IF(z &, P), ©(X)®(X) - Ep(IF (z &, P), ©(X))Epd(X) = Cp(IF (z &, P))
and
—Ep(&(P), (X))@(X) + Ep(e (P), D(X)EpD(X) = —Cp(&(P)) = —1ria(P)
Thus equation (5) simplifies to

IF(z i, P)a(P) + 4i(P)IF(z &, P) = —1pi&(P) + Cp(IF (z &, P))
+(&(P), ©(2) - Ep®(X))(P(2) — Ep®(X)). (6)

Moreover we have that
(Cp(IF(z &.P)).a(P)) =(IF(z &,P).Cp(a(P))) = (IF(z &,P), i(P)&(P)) = 0

sincelF(z &) € H*'. Using this fact in (6) when taking the inner product of baithes with
respect teg (P) yields

IF(z i, P) = —Ap; + ((epj, D(2) — Ep®(X)))?
6



proving the first statement. Substituting this result inagpn (6) we have

(Cp — Aid)(IF (z &, P)) = ((epi, D(2) — Ep®(X)))’& (P) (7)
—(&a(P), ©(2) - Ep®(X))(P(2) - EpD(X)).
BothIF (z &, P) and the right hand side of (7) are elementg-of'. The operatorCp — Ap;idy)
does not have an eigenvalue equal to OHR'. In that case the Fredholm alternative (see
e.g. Phelps (1986)) shows that this operator is invertibt @nsequently the influence func-

tion equals the unique solution of (7). Moreover taking theer product withe;(P) on both
sides of (7) yields

(Apj — Api){IF (z &, P), &j(P)) = —(&(P), (2) — Ep®(X))Xej(P), ©(2) - Epd(X))
foranyj #i. Thus

(gj(P), ©(2 — Ep®(X))
Apj — Apj I

IF(z8,P) = (&(P), (2) - Ep®(X)) )"
j=Lj=#i

proving the second statement.
O

Recall that the influence function in a pommt X provides information on the sensitivity with
respect to adding an infinitesimally small amount of proligbinass at positiorz. From the
viewpoint of robustness it is important to have a boundedénfte function, since the opposite
means that thefiect of an infinitesimally small distributional change canéan arbitrary large
impact. From Theorem 1 it easily follows that the influencedtions are bounded if the kernel
is bounded.

Corollary 1. For a bounded kernel, i.e. there exists>M0 such that|®(2)||* = K(z 2) < M, the
following bounds hold:

[IF(z Ai, P)l < 2M + Ap;.
4M

IF(ze,P)ll< ————
IIF (z 6. Pl < o

In this sense KPCA with a bounded kernel is more robust thaBARith an unbounded kernel.
Similar results were obtained in the context of classifaratind regression with kernels (Stein-
wart and Christmann, 2008).

3.2. Empirical example

Let P, be the empirical distribution of a sampbg € X, i = 1,...,n}. Applying the KPCA
algorithm then yields the empirical eigenvalugs; and the empirical score functioss, ;. From
Theorem 1 it follows that the norms of the influence functiothe sample distributio®, are
easily computed for any e X.

IIF(Z Ai, Po)l = ISp,i(2)* - Ap,.il-

Y s )"
IF @z e Pl =15 @l Y, s - (8)

[ (Apyi = e, )2
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2D data IIIF((z,.2,)ie, Pl [IIF(zy.2,)e,.Pell

Figure 1: @): Simple 2D data exampleb) — (¢): ||IF(z e1, Peso)l| as a function o. White represents values equal to 0,
large values tend to blackb) linear kernel; ¢) RBF kernel.

A simple example is shown in Figure 1. Pa} {epicts the two dimensional artificially generated
data set containing 60 observations. DenotePgythe empirical distribution of this sample.
Then the norm of the influence function (as in (8)) of the firBt®&A eigenvector is shown as a
function ofz = (z;, ) € R?. In Figure 1p) a linear kernel K(u, v) = u'v) is used. Figure Lj
shows the result for a RBF kernel witl = 3. In these pictures values of O are shown as
white and larger values tend to black. For the linear kernelihfluence is 0 at the principal
components themselves yielding the white cross in the @ctdowever, ag lies further away
from these principal axes, the influence function increasesell. Moreover it keeps increasing
attaining arbitrary large values atrails away from the sample. For the RBF kernel a completely
different éfect takes place. The influence function is now local in theseehat it is large only
at a small region of values, i.e. at two half doughnut shaped regions aroundeheercs of
the two groups that are present in the data. The influencdifumis clearly bounded in this
case, since the RBF kernel is bounded by 1 and thus Corollayplies. This indicates an
interesting diference between bounded and unbounded kernels in termsusitnelss of kernel
PCA. Similar conclusions were obtained for classificatiGhristmann and Steinwart, 2004) and
regression (Christmann and Steinwart, 2007; Debruyne,e2@G08).

Of course this does not imply that bounded kernels are feltystant against small amounts
of contamination. The upper bound might be so large thatrtfieence function can still attain
very large values. From (8) and Corollary 1 it follows fortizusce that the dierence between
eigenvalues plays an important role. In this respect it tierasting to investigate the behavior
of this difference for the RBF kernel. L& be the RBF kernel with bandwidit» and denote
r = max [Ix — x|[%. Since 1- e < x we have (using (4))

|(Qc,mear)i,j |
= |(K(6, %) = 1) - %Z(K(Xi, X) - 1)~ %Z(K(Xj» X) - 1)+ n—12 DD (Ko x) - 1)
=1 k=1 k=1 I=1
4r
= ;.

Using the Gershgorin circle theorem it follows that
o r
dig, J1 0 e, — (Qc,mearbimﬂ <(n- 1)4; and |1p, j - (Qc,mear)il,j1

|<(n-1)4—.
g
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Consequently
o2 1
< .
8(n—1)r = [Ap,i — Ap, I

Thus although the influence function is bounded for the RBfRddewith any bandwidtlr, the
bound in Corollary 1 itself can be arbitrary largecagcreases.

Finally also note that all theoretical analysis so far asssufixed kernel parameters. In
practice however the bandwidth of an RBF kernel is often ehas a data dependent way. Then
contamination can have a large impact on the choice aé well. Alzate and Suykens (2008)
show some examples where KPCA with a RBF kernel with a dateedribandwidth selection
severely sffers from a few influential observations in the data.

In summary it seems fair to say that although bounded kerield a bounded influence
function, this does not automatically mean that boundeddisrguarantee good robustness in
practice.

4. A robust alternative

In this section we propose an alternative PCA procedure twisiaobust for any type of
kernel, whether it is bounded or not.

4.1. Robust centering

4.1.1. Spatial median iR¢

The first step of PCA consists of centering the data, usuatiyrad the mean. However,
the mean is not a robust measure of the center. Again onewali®er can have an arbitrary
large influence. In this section we propose to uselthéM-estimate of location, which is a
multivariate extension of the univariate median and whiak heen around for a long time (see
for instance Haldane (1948) and Huber (1981)). This locatiasure is also known as the
spatial median.

Definition 4. Given a sample of inputs ¥ RY,i = 1,...,n. Then the spatial mediatis defined
as the solution of
n

Xi—0 _
L 1% — ol

For the computation of this center, the following simpleateve algorithm exists (Gower, 1974;
Huber, 1981; Hossjer and Croux, 1995). Given an initialsgd€) € RY, iteratively define

o0 — Zity WX
PHER

where

_ 1
~lIx - D))

Wi

Kuhn (1973) showed that this algorithm converges unlesstidwing point is in the domain of
attraction of the data points. If the latter is the case, cae wse the modification proposed
by Vardi and Zhang (2000). However, in practice the simpgpodathm above almost always
converges.
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4.1.2. Spatial median in feature space
Assume again that the inputsare mapped into a high- (possibly infinite) dimensional fea-
ture spaceH. Applying Definition 4 in feature space means that we wantrd i € H such

that
Z (%) -6
ID(x) -6l
This is equivalent to demanding that

P(x) -6

o) —ei|| ~°

or if we write out the norms as inner products

S O() -6 D) -6\
Z Z<I|CD(X&) =0l [|D(x;)) — 9I|> =0

i1 j=1

which is equivalent to

Zn: Zn: (D(x), (X)) = (0, D(X))) = (6, D(x)) + (6. 0)

=0. (9
4= V(O(x), D(x)) — 2(D(%), 0) + (6, 0) (X)), D(X))) — 2(D(X;), 6) + (6, ) ©)

If the mapping® is explicitly known, one could use this equation to find thateed. In most
kernel applications this is of course not the case. Howeherspatial median naturally lies
in the space spanned by theénputs, and any point in this min{(d)-dimensional space can be
parametrized as a linear combination of the inputs. Thuspl&al median can be written as

0= D). (10)
k=1

Using this representation in (9) we find

ZZ (D(X), D(X))) = Yoy Yl P(Xc), D(X)))
i=1 j=1 \/_\/_
e 7k(P04), D)) + Xy Ny )’k%((D(Xk),(D(XO)} _0

VAR

(11)
with the notation

= (@(%), D(x)) = 2 ) 1(P(X), DOW) + ), D 1 @(x), D(x)).
k=1

k=1 I=1

Due to the parametrization @fin (10), the spatial median can be expressed in terms of inner
products only. Therefore this center can be computed in aekénduced feature space, using
the same kernel trick as in kernel PCA replac{dgu), ®(v)) by K(u, v).

10



Definition 5. Given a sample of inputg ¥ X, i =1,...,n and a kernel function KX x X —
R : (u,v) = K(u,v). Define the n< n kernel matrix a€); ; = K(x;, X;). DenoteQ ; as the jth
column of this matrix. Then the vector of ga@entsy € R" determining the spatial median in
the kernel induced features space is defined by

Zn: Zn: Qij—Y'Q; —Y'Q; +y'Qy

- 0.
Q-2+ QY Q- 201+ Y Qy

To compute the vectoy the iterative algorithm in Section 4.1 can easily be moditede
computed in a kernel-induced feature space, only usingegheskinner product. Given an initial
guessy© e R", iteratively define

- _W
’y =
Zin:l Wi
where the components of the vectoe R" are given by
1

Wi

B - 207N + (R

For the starting point we take the dbeients corresponding to the meai® = (1/n,...,1/n) €
R".

4.1.3. Centering the kernel matrix around the spatial madia

The resulting center in the kernel feature space can of eaussbe computed. We do find
the n codficientsyy such that the spatial median equals ; «®(x«), but the feature mag is
unknown. However, operations involving distances andripmeducts between feature vectors
and the center often can be computed. A well known operasidariinstance centering of the
data. Suppose we want to center the data in feature spaaedattreispatial median. We define
a new feature map as

n
D) = D) = > % ®(x).
i-1
The corresponding centered kernel functignbecomes

Ke(%,2) = (D(X), D(2))

= (@) - Y % 0(%), ©(2) - > y®(@))
i=1 i=1

= K(x2) = D 7K x) = Y %K@ %) + ) > viK (i, x)
i=1 i=1

i=1 j=1
or expressed in terms of matrix operations on the kernelirmatr
Qcmedian= Q — 71:19 - an?’t + 7toln1;1 (12)

where 1, is a vector containing 1 in its entries.

Thus first computing as in Definition 4 with the algorithm from the previous paiggt and
then computing (12), gives a robustly centered kernel ma@ntered around the spatial median
instead of the mean.

11



4.2. Spherical KPCA
4.2.1. Spherical PCA iiR¢

Once the data is centered in an appropriate robust way, weordimue estimating the kernel
principal components. We use the idea first mentioned in htoee et al. (1999). Basically they
project the data on a sphere aroundlthenedian. Then the traditional components are computed
for these projected data. Scores are computed by projetittngriginal, unsphered data on the
principal directions. Due to the sphering the influence efdhtlier is obviously heavily reduced
leading to principal components capturing the structurhefmajority of the data much better.
Marden (1999) shows that these spherical principal compisrage exactly equal to the original
ones at population level for a rather large class of distidims.

4.2.2. Spherical PCA in feature space

Assume thaty € R" is the vector of cofficients determining the spatial median in feature
spaceXr_; x®(x). In the first step we project all feature vectors onto the sphere around
the spatial median, giving us new feature vectors

D(%) — Xpoq 7P (%)
IO(X) = Xpog V@)l

(%) = (13)

This implies that

(@ (%), D (X)) :< D(X) — Do @) D(X)) — Zioq k@(%) >

IO(X) = Tieeg @I NIO(X}) = Xie_g kP (Xl
In terms of the original and uncentered kernel mafixthis leads to a new kernel matrfx*
with entries
Qf = (D7 (%), (X))
3 Qij—7'Q—7'Q +y'Qy
V- 20+ Yy O - 2 0y

(14)

Thus once the spatial median is found, it is easy to competaeiv kernel matrif2* belonging
to the sphered data based on the kernel mé&trof the original data.

In the second step, ordinary KPCA is applied to the sphered. ddhis means that we
compute the eigenvectors and eigenvalueg2ofwhich we denote by®-* resp. A where
A > > ... and[la®2 = 1.

Thirdly the scores,(x) of any pointx for thekth component is computed by

n (k),*

s(¥) = Z al_\//l—k <‘D*(Xi)’ O(x) - ; 7|®(X|)>~

i=1
Using (13) leads to the following result.
Algorithm 2 (Spherical Kernel PCA). Given a sample...,xp € X. LetK: X x X — R be

a kernel with corresponding feature spagé Then the kth Sperical KPCA score functigras
x € X equals:

(K),* n t t
S K (X, X) = D vikK (X, X) =y + 1
S(X) = Z @ (%, X) = 2Ly kK (X, X) = ¥'Q + 4

NZH VQii — 2/'Q i +y'Qy
12

(15)

n
i=1



with o the eigenvector belonging to the kth largest eigenvajuef the median centered and
sphered kernel matriQ* with entry i j equal to

. Qij—Y'Qj -7 Qi+ Qy
Y Q= 20y O - 2Y0 1y

These are the Spherical KPCA scores that provide a robwshattve to the classical KPCA
scores from Algorithm 1. Note that the computational comipyeof both algorithms is essen-
tially the same. The most time consuming part consists ofrfindigenvectors and eigenvalues
of anx n matrix. Also notice that Spherical KPCA, just like clas$ik&@CA, only depends on
the kernel matrix. No additional tuning constants are ndedhis is a nice feature of the spher-
ing concept compared to other types of robustification. Matyst algorithms for instance use
reweighting. Then an appropriate weight function has totlsesen often implying an priori as-
sumption on the distribution of the data. Especially in aegahkernel induced feature space,
this would be a dficult choice to make.
Note from (13) that all inner products are bounded betweberga feature vectors since

(@*(x), D*(x))) < L.

(16)

This means that the functidd*(x;, x;) = (@*(x), ®*(x;)) corresponding to the matri®* for-
mally looks like a bounded kernel function. Since Sphed@CA basically applies KPCA onto
the sphered feature vectors, it is tempting to say that $gid€PCA is nothing but ordinary
KPCA with kernelK* instead ofK. SinceK* is bounded, the influence function of Spherical
KPCA would be automatically bounded as well. Mathematyctiis is however not correct,
sinceK* is not a kernel function in the strict sense. To defifiethe spatial median is needed
and the spatial median of course depends on the sample (bealistribution in the continuous
case). Implicitly the functiorK* thus also depends on the distribution and this is not allowed
to construct a valid kernel with corresponding feature spaevertheless it seems appropriate
to conjecture that the influence function of Spherical KPGAddunded due to the fact that the
sphering part of the method maps everything into a boundadespor linear PCA a rigorous
expression for the influence function of Spherical PCA wamtbby Croux et al. (2002). The
extension of this result to arbitrary kernel feature spaicess out to be mathematically involved,
but can be interesting future work, potentially applyingwsoof the ideas used by Gervini (2008)
for functional PCA.

5. Visualizing influential observations

We propose a simple graphical display to assess the influ#rodeservations with respect to
ordinary KPCA. Our strategy is to use the spherical KPCAnestés in the expressions for the
influence function in Theorem 1. For linear PCA this idea waliad by Pison and Van Aelst
(2004). We use the score functigf(x) as a sample estimate sfx(x). However, as explained
by Marden (1999) for linear PCA, the spherical eigenvalijesre not always good estimates of
Apk Since they can be seriously biased. But singgequals the variance of the score function,
one can re-estimate these eigenvalues by a measure of gihtbadcores at the data points. For
Spherical KPCA with a general kernel we propose the samgegiraOf course the measure of
spread should not be influenced too much by individual olagems either. We use the robust
Median Absolute Deviation (MAD) to define

A = MAD(s;(x)) = (medianis;(x) — mediang;(x))]))
13
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Other options, e.g. th&p-estimator (Rousseeuw and Croux, 1993), are possible dsofvel
course. Now observe from Theorem 1 that

i (epj, ©(2))?

j=1j#k (A = 2))?

INF(z & P)Il = Kepk, ©(2)] J

which gives us the following sample based influence diagnegqual to the norm of the empirical
influence function az of thekth component:

n S* 2
IEIF@I = 5@l D] 2

— s (18)
j=1,j#k (2 _/lj )?

To obtain the influence of an observatignjust takez = x;.

6. Examples

6.1. Toy example
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Figure 2:Score-contours and estimated influences &#r((c) classical KPCA,l§) — (d) spherical KPCA.

In Figure 2 we generated 20 data points showing a quadratiatue, together with 1 outlier
at (-5, 5) (not visible on the plot). If we construct the score-camtocorresponding to the first
14



0 a c g ag ca cg ga gc gg gca cag ggc
gca 1 1 1 1 0 1 O 1 1 O 1 0 0
cag 1 1 1 1 1 1 1 O 0 O 0 1 0
ggc 1 0 1 2 0 O O O 1 1 0 0 1

Table 1: Explicit feature vectors with the all-subsequekemel for the three strings gca, cag and ggc.

principal component of ordinary KPCA with a polynomial kelof degree 2, we obtain Fig-
ure 2@). Clearly the quadratic structure is lost completely duteosingle outlier. For Spherical
KPCA, Figure 2b) depicts the corresponding score-contours. Now the qtiadtaucture of the
majority of observations is learned, despite the outliero Bar plots of the empirical influence
function from equation (18) for the 21 observations are shawFigure 2 €) using classical
KPCA and @) using spherical KPCA. A comparison of both plots visuaditee large dterence
between both methods. The diagnostic plot created withrggiidKPCA (Figure 2¢)) correctly
reveals that observation 21 (the outlier) causes tiferdince and that it is highly influential for
classical KPCA.

6.2. String kernel

Consider a situation where the inputs are no vectors, bingstr Then many kernels exist
that can be used to identify patterns in this set of stringsrellve concentrate on one example,
i.e. the all-subsequence kernel. Then the strings aresepted by feature vectors of which each
component represents a possible substring. For the thiegsstgca”, "cag” and "ggc” for in-
stance the corresponding feature vectors are shown in Tal§le in this case every string can be
represented as a vector with 13 components, and thus ametydd proceed in a 13-dimensional
space. However, this example is extremely simple, sinae thiee only three possible characters
(a,c,g) and only strings of size three are considered. Wmnfately the dimension of the feature
space increases exponentially with the size of the strikgs.longer strings the explicit com-
putation of the feature vectors thus becomes infeasibleveder, when using a kernel method
these explicit representations are not necessary. All veel Bee the inner products between
any two feature vectors. For the all-subsequence kernddehreel matrix containing these inner
products can be computed with fast recursive algorithmay@hTaylor and Cristianini, 2004).
Since Spherical KPCA does not require explicit featuremesatither, but only the kernel matrix,
applying the methodology from the previous sections isgittéorward.

As an example take the first 20 DNA sequences in the 'Splinetjon gene sequences’
database from the UCI database (htypww.ics.uci.edy~mlearfMLRepository.html). This
gives us 20 observations, all strings of size 60 composedafbdtcharacters (A,C,G,T). The
first 3 elements are shown below.

CCAGCTGCATCACAGGAGGCCAGCGAGCAGGTCTGTTCCAAGGGCCTTC&ECAGTCTG,
AGACCCGCCGGGAGGCGGAGGACCTGCAGGGTGAGCCCCACCGCCCCTCRRCCCCCGC,
GAGGTGAAGGACGTCCTTCCCCAGGAGCCGGTGAGAAGCGCAGTCGGGGBCGGGGATG.

As an example we add one strange string to the data set, aliser21, which is the follow-
ing sequence:

CCCCCCCCCCCCCCCAAAAAAAAAAAAAATTTTTTTTTTTTTTGGGGGGGCG®GGGGGGGG.
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Although the length of this string and the number of A's,G’s,and T’s are both similar as for
the other strings, this new observation 21 is clearfjedéent due to the specific order of the char-
acters. Next we perform KPCA and Spherical KPCA on this datangth the all-subsequence
kernel. For each string we compute its influence measure E3inwith respect to the first
principal component. Figure &)(shows the result if we use the original KPCA scores and eigen
values. String number 2 comes out as the most influentialreaen. Nevertheless it does not
look extremely dominating and one would probably not suspigproblems. One would cer-
tainly not detect that observation 21 is an exceptionahgtrsince its influence measure is very
small. The results using Spherical KPCA are depicted inflei@f). Then it is immediately

x10”

(@) (b)

Figure 3:Estimated influences based @) KPCA, (b) Spherical KPCA.

clear that we have the samg@ext we discussed for the simple toy example in Figure 2. Qlser
tion 21 is in reality extremely influential, dominating thstienation of the ordinary first kernel
principal component completely. This first pc is completatiracted by string 21. Therefore
using this component results in a misleading plot of the erftes. Only by using the spheri-
cal kernel principal components a correct assessment caralle about observations deviating
from the mainstream. Also note that robust linear PCA medhzathnot be used. They require
the explicit feature vectors corresponding to the stringewever, according to Shawe-Taylor
and Cristianini (2004), the dimension of these featurearsavould be likely to exceed®®in
this example, which is obviously infeasible.

6.3. Octane data

The next example is the octane data set described in Esbenakii1994). It contains near-
infrared (NIR) absorbance spectra over 226 wavelengths-089 gasoline samples with certain
octane numbers. It is known that six of the samples 2B536 — 39) contain added alcohol.
The data set was also analyzed in Hubert et al. (2005), whesasi shown that the robust linear
PCA method ROBPCA was able to detect the six outlying saniplesntrast to ordinary linear
PCA. Now suppose that we increase th@&dilty of the problem by using a polynomial kernel of
degree 2. In theory the corresponding feature vectors dmutmmputed by taking appropriately
weighted squares and cross-products for all 226 variabiggactice the resulting dimension of
these feature vectors will again be way too high. Expligi#yculating quadratic forms and then
applying a robust method such as ROBPCA in feature spacassrtfeasible.
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Using a kernel method avoids this problem. All we need is th& 39 dimensional kernel
matrix, both for ordinary as spherical kernel PCA. The riisgldiagnostic plots are shown
in Figure 4. Partd) of this plot depicts the results using ordinary KPCA. Of smisome
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Figure 4:Octane data: estimated influences basedpKPCA, (b) Spherical KPCA.

points seem more influential than others, but no dramdfects would be detected. Pak)(
shows the influence measures using Spherical KPCA. Now we/isetis really happening: six
observations are extremely influential, dominating alleogh These six observations are exactly
the outlying samples that contain alcohol.

7. Conclusion

We investigated theffect of small amounts of contamination on classical Kerneh @
calculating expressions for the influence function. We gbtinat the influence function can be
unbounded if an unbounded kernel is used. Spherical Ket@AliB proposed as a more robust
alternative. The resulting algorithm is fast and only defseon the choice of the kernel, as in
classical KPCA, so no additional tuning parameters are egtetVe use this robust method to
detect influential points in classical KPCA by a simple diagfic plot. Examples illustrate that
large diferences can appear when outliers are present in the dateg Sgherical KPCA these
outliers can be detected, whereas classical KPCA fails tndo
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