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Abstract

Kernel Principal Component Analysis extends linear PCA from a Euclidean space to any repro-
ducing kernel Hilbert space. Robustness issues for Kernel PCA are studied. The sensitivity of
Kernel PCA to individual observations is characterized by calculating the influence function. A
robust Kernel PCA method is proposed by incorporating kernels in the Spherical PCA algorithm.
Using the scores from Spherical Kernel PCA, a graphical diagnostic is proposed to detect points
that are influential for ordinary Kernel PCA.
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1. Introduction

Principal Component Analysis (PCA) is a well known technique designed to reduce the di-
mension of a data set by projecting onto a lower dimensional subspace. Kernel PCA (Schölkopf
et al., 1998) is an extension of PCA where the data are first mapped into a high dimensional
feature space. Then ordinary PCA is performed in this feature space. A remarkable aspect is
that the explicit feature vectors are not needed to compute the resulting scores. Only the inner
products between feature vectors are required. This makes it possible to apply the kernel trick:
one replaces all inner products by a kernel function that is chosen beforehand (see for exam-
ple Schölkopf and Smola (2002) for an extensive overview ofkernel methods). This extension
from linear to Kernel PCA has found many applications in recent years. It is for instance easy to
consider types of non-linear PCA, simply by defining an appropriate non-linear kernel function.
Also when the data consist of objects rather than real numbers, such a kernel formulation is very
attractive: it suffices to define an appropriate kernel function between any two such objects. For
example in text and string analysis, kernel methods enjoy anincreasing popularity (Shawe-Taylor
and Cristianini, 2004).

The current paper addresses some questions about influential observations in Kernel PCA.
For linear PCA this has been studied intensively. It is knownthat some observations are rel-
atively less important than others. Points close to the center for example do not really help a
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lot determining principal components. Observations far away from the center on the other hand
are much more influential. Actually, it is even possible thatone or a small fraction of observa-
tions in the data set almost fully determines the principal components. Sometimes this is not
desirable, since then the structure of the majority of the data is not learned anymore. Therefore
many robust PCA algorithms have been proposed, for instanceby Locantore et al. (1999); Hubert
et al. (2002); Croux and Ruiz-Gazen (2005); Hubert et al. (2005); Maronna (2005); Serneels and
Verdonck (2008); Chen et al. (2009); Hubert et al. (2009). These methods are less affected by
outliers and produce scores which do fit the majority of the data points. Additionally outliers can
be detected using these methods in appropriate diagnostic tools.

The goal of this paper is to extend these robustness issues from linear PCA to general Kernel
PCA. Our contribution is threefold. Firstly a theoretical analysis of the effect of contamination
for ordinary Kernel PCA is provided. To this extent we calculate the influence function (Hampel
et al., 1986) of Kernel PCA in Section 3. We show that the influence function can be arbitrary
large for unbounded kernels. This means that very small fractions of observations can completely
determine the results, such that the structure of the majority of the data is not reflected. When
the kernel is bounded however, the influence function is bounded as well.

Since the influence function indicates that a small fractionof contamination can be very
influential for a general unbounded kernel, our next step is to construct a robust Kernel PCA
algorithm. To this end Spherical Kernel PCA is proposed. It is a generalization of the linear
method from Locantore et al. (1999). The first step is a robustcentering of the data, which is
explained in detail in Section 4.1. The entire Spherical KPCA procedure is given in Section 4.2.

In practice it is often difficult to detect influential observations and to know how to handle
them. To perform such detection for ordinary KPCA a visual display is constructed in Section 5
applying an idea from Pison and Van Aelst (2004).

Section 6 illustrates our new methods on some specific examples. It is shown that influential
observations in the data can be neutralized and detected using Spherical KPCA, whereas classical
KPCA fails to do so.

2. Kernel PCA

Assume that we have a sample ofn observations in some non-empty setX: xi ∈ X, i =
1, . . . , n. The following definitions are taken from Steinwart and Christmann (2008).

Definition 1. LetX be a non-empty set. Then a function K: X×X → ℝ is called akernelonX
if there exists aℝ-Hilbert spaceH with an inner product〈·, ·〉 and a mapΦ : X → H such that
for all x, x′ ∈ X we have

K(x, x′) = 〈Φ(x),Φ(x′)〉 . (1)

We callΦ a feature map andH a feature space of K.

Definition 2. Let X be a non-empty set andH be aℝ-Hilbert function space over X, i.e., a
ℝ-Hilbert space that consists of functions mapping fromX intoℝ.

1. A function K : X × X → ℝ is called a reproducing kernel ofH if we have K(·, x) ∈ H
for all x ∈ X and the reproducing property f(x) = 〈 f ,K(·, x)〉 holds for all f ∈ H and all
x ∈ X.
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2. The spaceH is called a reproducing kernel Hilbert space (RKHS) overX if for all x ∈ X
the Dirac functionalδx : H → ℝ defined by

δx( f ) := f (x), f ∈ H

is continuous.

Note that any reproducing kernel is a kernel in the sense of Definition 1. The RKHS is also a
feature space ofK, with feature mapΦ : X → H given by

Φ(x) = K(·, x). x ∈ X.

We then callΦ the canonical feature map.
Given a specified reproducing kernel function, Kernel PCA basically performs linear PCA

in a feature spaceH instead of the original spaceX. Schölkopf et al. (1998) show that the
solution of this problem can be obtained only in terms of the inner products between feature
vectors. Assume that the feature vectors are mean-centered. DenoteΩ the matrix containing
〈Φ(xi),Φ(x j)〉 asi, j-th entry. The first principal component equals the direction maximizing the
variance of the projections onto this direction. Since a principal component is always contained
in the space spanned by the observations, this direction canbe written as a linear combination of
the feature vectors. Letα = (α1, . . . , αn)t ∈ ℝn. Then

∥

∥

∥

∥

∥

∥

∥

n
∑

i=1

αiΦ(xi)

∥

∥

∥

∥

∥

∥

∥

2

=

〈 n
∑

i=1

αiΦ(xi),
n
∑

i=1

αiΦ(xi)

〉

= αtΩα.

Thus the conditionαtΩα = 1 ensures that the norm of
∑n

i=1αiΦ(xi) equals 1. Moreover the
projection of feature vectorΦ(x j) onto such a direction equals

〈 n
∑

i=1

αiΦ(xi),Φ(x j)

〉

=

n
∑

i=1

αi

〈

Φ(xi),Φ(x j)
〉

= (Ωα) j.

Thus maximizing the variance of these projections is equivalent to

maxαtΩ2α subject to αtΩα = 1. (2)

The maximum is obtained forα equal to the eigenvector ofΩ corresponding to the largest eigen-
valueλ1, with norm equal toλ−1/2

1 . Denote the unit norm eigenvector corresponding toλ1 asα(1).
Then the score of a new feature vectorΦ(x) corresponds to

〈 n
∑

i=1

α
(1)
i√
λ1
Φ(xi),Φ(x)

〉

=

n
∑

i=1

α
(1)
i√
λ1
〈Φ(xi),Φ(x)〉 (3)

It is now clear that expressions (2) and (3) depend on the feature vectorsΦ(xi) only through
pairwise inner products. For a Reproducing Kernel Hilbert SpaceH these inner products can be
evaluated using the underlying kernel function (Definition1).

Note that the feature vectors were assumed to be centered around zero. However, centering
around the mean can be performed explicitly. Taking this into account, Schölkopf et al. (1998)
end up with the following result:
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Algorithm 1 (Kernel PCA). Given a sample x1, . . . , xn ∈ X. Let K : X × X → ℝ be a kernel
with corresponding feature spaceH . Then the kth Kernel PCA (KPCA) score function sk at
x ∈ X equals:

sk(x) =
n
∑

i=1

α
(k)
i√
λk















K(xi , x) − 1
n

n
∑

l=1

K(xl , x)















with α(k) the unit norm eigenvector belonging to the kth largest eigenvalueλk of the mean cen-
tered kernel matrixΩc,meanwith entry i, j equal to

(

Ωc,mean
)

i, j :=















K(xi , x j) −
1
n

n
∑

k=1

K(xk, x j) −
1
n

n
∑

k=1

K(xk, xi) +
1
n2

n
∑

k=1

n
∑

l=1

K(xk, xl)















. (4)

Some well known kernels whenX ⊂ ℝ
d are the linear kernel

K(u, v) = utv,

the polynomial kernel of degreep > 0 with offsetτ ∈ ℝ+

K(u, v) = (utv+ τ)p,

and the Radial Basis Function (RBF) kernel with bandwidthσ ∈ ℝ+

K(u, v) = e−||u−v||2/σ2
.

Many more types of kernels exist, see for instance Schölkopf and Smola (2002) and Shawe-
Taylor and Cristianini (2004).

Note that KPCA with a linear kernel produces exactly the samescores as traditional linear
PCA. Although the computation in Algorithm 1 might seem unusual at first sight (using the
eigenvectors of then× n kernel matrix rather than the maybe more usual decomposition of the
d × d sample covariance matrix), the resulting score function isthe same. So KPCA with the
linear kernel is just a different formulation of classical linear PCA, of course with the advantage
that in the KPCA formulation only the inner products betweenthe data vectors occur. This can
then be exploited to extend PCA to an arbitrary reproducing kernel Hilbert space as done in
Algorithm 1.

Once the score functions are determined one typically computes a newn×mdata matrix con-
taining the firstm scores of the original inputsx j : sk(x j) for j = 1, . . . , n andk = 1, . . . ,m. This
can have several purposes. When the original datax j is high dimensional one can for instance
achieve dimension reduction by choosingm not too large, which is usually the goal of linear
PCA. For well chosen non linear kernels such as RBF or polynomial an additional goal can be
capturing non linearity in the original data, such that a linear method can be used on the new data
sk(x j), even if the original datax j exhibits a non linear structure. Several authors for instance use
KPCA with a RBF kernel on high dimensional microarray data toconstruct lower dimensional
score vectors. Afterward simple linear discriminant analysis is successfully used to classify the
data, although the original data might show a non linear classification pattern (Liu et al., 2005;
Pochet et al., 2004; Yang et al., 2005). Also in clustering applications such strategies are reported
succesfully, especially with a RBF kernel (e.g. Liu et al. (2005)). Another application of KPCA
is in the area of denoising. If data are given from non linear structure with additional noise,
KPCA with a non linear kernel often succeeds in retrieving the underlying structure. This is
typically very useful in image analysis, when noisy images are denoised by using score vectors
obtained by KPCA (e.g. Mika et al. (1999)).
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3. The influence function of Kernel PCA

Let P be a distribution on an arbitrary measurable spaceX, let K be a reproducing kernel
function onX with corresponding canonical feature spaceH and canonical feature mapΦ :
X → H as in Definition 2. Recall thatH is a Hilbert space of real functions onX and the
reproducing property yields〈 f ,Φ(x)〉 = f (x) for every f ∈ H , x ∈ X. Throughout this section it
is assumed thatH is separable,Φ(x) is P−measurable∀x ∈ X andEP‖Φ(X)‖2 < ∞. Define the
centered covariance operatorCP by

CP : H → H : f → CP( f ) = EP f (X)Φ(X) − EP f (X)EPΦ(X).

The operatorCP is a well-defined, compact, positive and self-adjoint Hilbert-Schmidt opera-
tor (Blanchard et al., 2007). Therefore it has a countable spectrum of positive eigenvalues
λP,1 ≥ λP,2 ≥ . . . with an associated orthonormal basis of eigenfunctions{eP,i}. Thus for any
function f ∈ H we have that

f =
∞
∑

i=1

〈 f , eP,i〉eP,i and CP( f ) =
∞
∑

i=1

λP,i〈 f , eP,i〉eP,i.

Given a distributionP with EP||Φ(X)||2 < ∞, we denote byC, λi and ei the maps such that
C(P) = CP, λi(P) = λP,i andei(P) = eP,i. The ith KPCA scoresP,i ∈ H in x ∈ X is the inner
product of theith eigenvector with the centeredx: sP,i(x) = 〈eP,i,Φ(x) − EPΦ(X)〉.

We aim at quantifying the sensitivity of the mapsλi andei under small changes of the under-
lying distributionP. To this end the influence function Hampel et al. (1986) is used.

Definition 3. Given a statistical functional T mapping a distribution P onto T(P). Consider the
contaminated distribution

Pǫ,z = (1− ǫ)P+ ǫ∆z

for small enoughǫ. The distribution∆z is the Dirac distribution which puts all probability mass
at the point z. Then the influence function of T at the distribution P is defined as

IF (z; T,P) = lim
ǫ↓0

T(Pǫ,z) − T(P)
ǫ

in every point z where this limit exists.

ThusIF (z; T, F) measures the effect onT under infinitesimally small contamination at the point
z. For linear PCA the influence functions of the eigenvalues and the eigenvectors were derived
by Critchley (1985).

3.1. Results
We prove the following theorem for KPCA.

Theorem 1. Let P be a distribution onX such thatEP||Φ(X)||2 < ∞. Let i ∈ ℕ be such that
λP,i , λP, j for all j , i. Then the influence functions ofλi and ei at P in z∈ X are given by

IF (z; λi ,P) = sP,i(z)
2 − λP,i.

IF (z; ei ,P) = sP,i(z)
∞
∑

j=1, j,i

sP, j(z)

λP,i − λP, j
eP, j.
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Proof

First note that

EPǫ,z ||Φ(X)||2 = (1− ǫ)EP||Φ(X)||2+ ǫ||Φ(z)||2 = (1− ǫ)EP||Φ(X)||2+ ǫK(z, z).

ThusEP||Φ(X)||2 < ∞ implies thatEPǫ,z ||Φ(X)||2 < ∞ and the operatorCPǫ,z is a well defined,
positive, compact and self-adjoint Hilbert-Schmidt operator. Hence the mapsλi andei exist at
Pǫ,z for anyǫ ∈ [0, 1] and anyz ∈ X. Sinceei(P) is a normalized eigenfunction for anyP, it holds
that

〈ei(Pǫ,z), ei(Pǫ,z)〉 = 1.

Taking the derivative with respect toǫ in ǫ = 0 on both sides yields

〈IF (z; ei ,P), eP,i〉 = 0.

DenoteH⊥,i the subspace ofH orthogonal to theith component. ThenIF (z; ei) ∈ H⊥,i. Further-
more we have that

λi(Pǫ,z)ei(Pǫ,z) = CPǫ,z(ei(Pǫ,z))

= EPǫ,z〈ei(Pǫ,z),Φ(X)〉Φ(X)− EPǫ,z〈ei(Pǫ,z),Φ(X)〉EPǫ,zΦ(X).

Taking the derivative with respect toǫ in ǫ = 0, hereby usingPǫ,z = (1 − ǫ)P + ǫ∆z and inter-
changing expectation and differentiation, yields

IF (z; λi ,P)ei(P) + λi(P)IF (z; ei,P) = −EP〈ei(P),Φ(X)〉Φ(X)+ 〈ei(P),Φ(z)〉Φ(z)

+ EP〈IF (z; ei ,P),Φ(X)〉Φ(X)− EP〈IF (z; ei ,P),Φ(X)〉EPΦ(X) − 〈ei(P),Φ(z)〉EPΦ(X)

+ EP〈ei(P),Φ(X)〉EPΦ(X) − EP〈ei(P),Φ(X)〉(Φ(z)− EΦ(X)). (5)

Observe that by definition ofCP it holds that

EP〈IF (z; ei ,P),Φ(X)〉Φ(X)− EP〈IF (z; ei ,P),Φ(X)〉EPΦ(X) = CP(IF (z; ei,P))

and

−EP〈ei(P),Φ(X)〉Φ(X)+ EP〈ei(P),Φ(X)〉EPΦ(X) = −CP(ei(P)) = −λP,iei(P)

Thus equation (5) simplifies to

IF (z; λi ,P)ei(P) + λi(P)IF (z; ei,P) = −λP,iei(P) +CP(IF (z; ei,P))

+ 〈ei(P),Φ(z) − EPΦ(X)〉(Φ(z) − EPΦ(X)). (6)

Moreover we have that

〈CP(IF (z; ei,P)), ei(P)〉 = 〈IF (z; ei ,P),CP(ei(P))〉 = 〈IF (z; ei ,P), λi(P)ei(P)〉 = 0

sinceIF (z; ei) ∈ H⊥,i . Using this fact in (6) when taking the inner product of both sides with
respect toei(P) yields

IF (z; λi ,P) = −λP,i + (〈eP,i,Φ(z) − EPΦ(X)〉)2
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proving the first statement. Substituting this result in equation (6) we have

(CP − λi idH )(IF (z; ei ,P)) = (〈eP,i,Φ(z) − EPΦ(X)〉)2ei(P) (7)

− 〈ei(P),Φ(z) − EPΦ(X)〉(Φ(z) − EPΦ(X)).

Both IF (z; ei,P) and the right hand side of (7) are elements ofH⊥,i. The operator (CP − λP,i idH )
does not have an eigenvalue equal to 0 inH⊥,i. In that case the Fredholm alternative (see
e.g. Phelps (1986)) shows that this operator is invertible and consequently the influence func-
tion equals the unique solution of (7). Moreover taking the inner product withej(P) on both
sides of (7) yields

(λP, j − λP,i)〈IF (z; ei,P), ej(P)〉 = −〈ei(P),Φ(z) − EPΦ(X)〉〈ej(P),Φ(z) − EPΦ(X)〉

for any j , i. Thus

IF (z; ei,P) = 〈ei(P),Φ(z) − EPΦ(X)〉
∞
∑

j=1, j,i

〈ej(P),Φ(z) − EPΦ(X)〉
λP,i − λP, j

eP, j.

proving the second statement.

□

Recall that the influence function in a pointz ∈ X provides information on the sensitivity with
respect to adding an infinitesimally small amount of probability mass at positionz. From the
viewpoint of robustness it is important to have a bounded influence function, since the opposite
means that the effect of an infinitesimally small distributional change can have an arbitrary large
impact. From Theorem 1 it easily follows that the influence functions are bounded if the kernel
is bounded.

Corollary 1. For a bounded kernel, i.e. there exists M> 0 such that||Φ(z)||2 = K(z, z) ≤ M, the
following bounds hold:

|IF (z; λi ,P)| ≤ 2M + λP,i.

||IF (z; ei,P)|| ≤ 4M
min j |λP,i − λP, j |

In this sense KPCA with a bounded kernel is more robust than KPCA with an unbounded kernel.
Similar results were obtained in the context of classification and regression with kernels (Stein-
wart and Christmann, 2008).

3.2. Empirical example
Let Pn be the empirical distribution of a sample{xi ∈ X, i = 1, . . . , n}. Applying the KPCA

algorithm then yields the empirical eigenvaluesλPn,i and the empirical score functionssPn,i . From
Theorem 1 it follows that the norms of the influence function at the sample distributionPn are
easily computed for anyz ∈ X.

|IF (z; λi,Pn)| = |sPn,i(z)
2 − λPn,i |.

||IF (z; ei,Pn)|| = |sPn,i(z)|
















n
∑

j=1, j,i

sPn, j(z)
2

(λPn,i − λPn, j)2

















1/2

. (8)
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Figure 1: (a): Simple 2D data example; (b) − (c): ||IF(z; e1, P60)|| as a function ofz. White represents values equal to 0,
large values tend to black. (b): linear kernel; (c) RBF kernel.

A simple example is shown in Figure 1. Part (a) depicts the two dimensional artificially generated
data set containing 60 observations. Denote byP60 the empirical distribution of this sample.
Then the norm of the influence function (as in (8)) of the first KPCA eigenvector is shown as a
function ofz = (z1, z2) ∈ ℝ

2. In Figure 1(b) a linear kernel (K(u, v) = utv) is used. Figure 1(c)
shows the result for a RBF kernel withσ2 = 3. In these pictures values of 0 are shown as
white and larger values tend to black. For the linear kernel the influence is 0 at the principal
components themselves yielding the white cross in the picture. However, asz lies further away
from these principal axes, the influence function increasesas well. Moreover it keeps increasing
attaining arbitrary large values asz trails away from the sample. For the RBF kernel a completely
different effect takes place. The influence function is now local in the sense that it is large only
at a small region ofz values, i.e. at two half doughnut shaped regions around the centers of
the two groups that are present in the data. The influence function is clearly bounded in this
case, since the RBF kernel is bounded by 1 and thus Corollary 1applies. This indicates an
interesting difference between bounded and unbounded kernels in terms of robustness of kernel
PCA. Similar conclusions were obtained for classification (Christmann and Steinwart, 2004) and
regression (Christmann and Steinwart, 2007; Debruyne et al., 2008).

Of course this does not imply that bounded kernels are fully resistant against small amounts
of contamination. The upper bound might be so large that the influence function can still attain
very large values. From (8) and Corollary 1 it follows for instance that the difference between
eigenvalues plays an important role. In this respect it is interesting to investigate the behavior
of this difference for the RBF kernel. LetK be the RBF kernel with bandwidthσ and denote
r = maxk,l ‖xk − xl‖2. Since 1− e−x ≤ x we have (using (4))

| (Ωc,mean
)

i, j |

=

∣

∣

∣

∣

∣

∣

∣

(K(xi, x j) − 1)− 1
n

n
∑

l=1

(K(xi , xl) − 1)− 1
n

n
∑

k=1

(K(x j, xk) − 1)+
1
n2

n
∑

k=1

n
∑

l=1

(K(xk, xl) − 1)

∣

∣

∣

∣

∣

∣

∣

≤ 4r
σ2
.

Using the Gershgorin circle theorem it follows that

∃i1, j1 : |λPn,i −
(

Ωc,mean
)

i1, j1
| ≤ (n− 1)4

r
σ2

and |λPn, j −
(

Ωc,mean
)

i1, j1
| ≤ (n− 1)4

r
σ2
.
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Consequently
σ2

8(n− 1)r
≤ 1
|λPn,i − λPn, j |

.

Thus although the influence function is bounded for the RBF kernel with any bandwidthσ, the
bound in Corollary 1 itself can be arbitrary large asσ increases.

Finally also note that all theoretical analysis so far assumes fixed kernel parameters. In
practice however the bandwidth of an RBF kernel is often chosen in a data dependent way. Then
contamination can have a large impact on the choice ofσ as well. Alzate and Suykens (2008)
show some examples where KPCA with a RBF kernel with a data driven bandwidth selection
severely suffers from a few influential observations in the data.

In summary it seems fair to say that although bounded kernelsyield a bounded influence
function, this does not automatically mean that bounded kernels guarantee good robustness in
practice.

4. A robust alternative

In this section we propose an alternative PCA procedure which is robust for any type of
kernel, whether it is bounded or not.

4.1. Robust centering

4.1.1. Spatial median inℝd

The first step of PCA consists of centering the data, usually around the mean. However,
the mean is not a robust measure of the center. Again one observation can have an arbitrary
large influence. In this section we propose to use theL1 M-estimate of location, which is a
multivariate extension of the univariate median and which has been around for a long time (see
for instance Haldane (1948) and Huber (1981)). This location measure is also known as the
spatial median.

Definition 4. Given a sample of inputs xi ∈ ℝd, i = 1, . . . , n. Then the spatial medianθ is defined
as the solution of

n
∑

i=1

xi − θ
||xi − θ||

= 0.

For the computation of this center, the following simple iterative algorithm exists (Gower, 1974;
Huber, 1981; Hössjer and Croux, 1995). Given an initial guessθ(0) ∈ ℝd, iteratively define

θ(k) =

∑n
i=1 wi xi
∑n

i=1 wi

where

wi =
1

||xi − θ(k−1)|| .

Kuhn (1973) showed that this algorithm converges unless thestarting point is in the domain of
attraction of the data points. If the latter is the case, one can use the modification proposed
by Vardi and Zhang (2000). However, in practice the simple algorithm above almost always
converges.
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4.1.2. Spatial median in feature space
Assume again that the inputsxi are mapped into a high- (possibly infinite) dimensional fea-

ture spaceH . Applying Definition 4 in feature space means that we want to find θ ∈ H such
that

n
∑

i=1

Φ(xi) − θ
||Φ(xi) − θ||

= 0.

This is equivalent to demanding that

∥

∥

∥

∥

∥

∥

∥

n
∑

i=1

Φ(xi) − θ
||Φ(xi) − θ||

∥

∥

∥

∥

∥

∥

∥

2

= 0

or if we write out the norms as inner products

n
∑

i=1

n
∑

j=1

〈

Φ(xi) − θ
||Φ(xi) − θ||

,
Φ(x j) − θ
||Φ(x j) − θ||

〉

= 0

which is equivalent to

n
∑

i=1

n
∑

j=1

〈Φ(xi),Φ(x j)〉 − 〈θ,Φ(x j)〉 − 〈θ,Φ(xi)〉 + 〈θ, θ〉√
〈Φ(xi),Φ(xi)〉 − 2〈Φ(xi), θ〉 + 〈θ, θ〉

√

〈Φ(x j),Φ(x j)〉 − 2〈Φ(x j), θ〉 + 〈θ, θ〉
= 0. (9)

If the mappingΦ is explicitly known, one could use this equation to find the centerθ. In most
kernel applications this is of course not the case. However,the spatial median naturally lies
in the space spanned by then inputs, and any point in this min(n, d)-dimensional space can be
parametrized as a linear combination of the inputs. Thus thespatial median can be written as

θ =

n
∑

k=1

γkΦ(xk). (10)

Using this representation in (9) we find

n
∑

i=1

n
∑

j=1

{ 〈Φ(xi),Φ(x j)〉 −
∑n

k=1 γk〈Φ(xk),Φ(x j)〉√
Ai
√

A j

−
∑n

k=1 γk〈Φ(xk),Φ(xi)〉 +
∑n

k=1
∑n

l=1 γkγl〈Φ(xk),Φ(xl)〉√
Ai
√

A j

}

= 0 (11)

with the notation

Ai = 〈Φ(xi),Φ(xi)〉 − 2
n
∑

k=1

γk〈Φ(xi),Φ(xk)〉 +
n
∑

k=1

n
∑

l=1

γkγl〈Φ(xk),Φ(xl)〉.

Due to the parametrization ofθ in (10), the spatial median can be expressed in terms of inner
products only. Therefore this center can be computed in a kernel-induced feature space, using
the same kernel trick as in kernel PCA replacing〈Φ(u),Φ(v)〉 by K(u, v).
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Definition 5. Given a sample of inputs xi ∈ X, i = 1, . . . , n and a kernel function K: X × X →
ℝ : (u, v) → K(u, v). Define the n× n kernel matrix asΩi, j = K(xi , x j). DenoteΩ., j as the jth
column of this matrix. Then the vector of coefficientsγ ∈ ℝn determining the spatial median in
the kernel induced features space is defined by

n
∑

i=1

n
∑

j=1

Ωi, j − γtΩ., j − γtΩ.,i + γ
tΩγ

√

Ωi,i − 2γtΩ.,i + γtΩγ
√

Ω j, j − 2γtΩ., j + γtΩγ
= 0.

To compute the vectorγ the iterative algorithm in Section 4.1 can easily be modifiedto be
computed in a kernel-induced feature space, only using the kernel inner product. Given an initial
guessγ(0) ∈ ℝn, iteratively define

γ(k) =
w

∑n
i=1 wi

where the components of the vectorw ∈ ℝn are given by

wi =
1

√

Ωi,i − 2(γ(k−1))tΩ.,i + (γ(k−1))tΩγ(k−1)
.

For the starting point we take the coefficients corresponding to the mean:γ(0) = (1/n, . . . , 1/n) ∈
ℝ

n.

4.1.3. Centering the kernel matrix around the spatial median
The resulting center in the kernel feature space can of course not be computed. We do find

then coefficientsγk such that the spatial median equals
∑n

k=1 γkΦ(xk), but the feature mapΦ is
unknown. However, operations involving distances and inner products between feature vectors
and the center often can be computed. A well known operation is for instance centering of the
data. Suppose we want to center the data in feature space around the spatial median. We define
a new feature map as

Φ̃(x) = Φ(x) −
n
∑

i=1

γiΦ(xi).

The corresponding centered kernel functionKc becomes

Kc(x, z) = 〈Φ̃(x), Φ̃(z)〉

= 〈Φ(x) −
n
∑

i=1

γiΦ(xi),Φ(z) −
n
∑

i=1

γiΦ(zi)〉

= K(x, z) −
n
∑

i=1

γiK(x, xi) −
n
∑

i=1

γiK(z, xi) +
n
∑

i=1

n
∑

j=1

γiγ jK(xi , x j)

or expressed in terms of matrix operations on the kernel matrix:

Ωc,median= Ω − γ1t
nΩ −Ω1nγ

t + γtΩγ1n1′n (12)

where 1n is a vector containing 1 in itsn entries.
Thus first computingγ as in Definition 4 with the algorithm from the previous paragraph and

then computing (12), gives a robustly centered kernel matrix centered around the spatial median
instead of the mean.
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4.2. Spherical KPCA
4.2.1. Spherical PCA inℝd

Once the data is centered in an appropriate robust way, we cancontinue estimating the kernel
principal components. We use the idea first mentioned in Locantore et al. (1999). Basically they
project the data on a sphere around theL1 median. Then the traditional components are computed
for these projected data. Scores are computed by projectingthe original, unsphered data on the
principal directions. Due to the sphering the influence of the outlier is obviously heavily reduced
leading to principal components capturing the structure ofthe majority of the data much better.
Marden (1999) shows that these spherical principal components are exactly equal to the original
ones at population level for a rather large class of distributions.

4.2.2. Spherical PCA in feature space
Assume thatγ ∈ ℝ

n is the vector of coefficients determining the spatial median in feature
space

∑n
k=1 γkΦ(xk). In the first step we project all feature vectors onto the unit sphere around

the spatial median, giving us new feature vectors

Φ∗(xi) =
Φ(xi) −

∑n
k=1 γkΦ(xk)

||Φ(xi) −
∑n

k=1 γkΦ(xk)||
. (13)

This implies that

〈Φ∗(xi),Φ
∗(x j)〉 =

〈

Φ(xi) −
∑n

k=1 γkΦ(xk)

||Φ(xi) −
∑n

k=1 γkΦ(xk)||
,
Φ(x j) −

∑n
k=1 γkΦ(xk)

||Φ(x j) −
∑n

k=1 γkΦ(xk)||

〉

.

In terms of the original and uncentered kernel matrixΩ, this leads to a new kernel matrixΩ∗

with entries

Ω∗i, j := 〈Φ∗(xi),Φ∗(x j)〉

=
Ωi, j − γtΩ., j − γtΩ.,i + γ

tΩγ
√

Ωi,i − 2γtΩ.,i + γtΩγ
√

Ω j, j − 2γtΩ., j + γtΩγ
. (14)

Thus once the spatial median is found, it is easy to compute the new kernel matrixΩ∗ belonging
to the sphered data based on the kernel matrixΩ of the original data.

In the second step, ordinary KPCA is applied to the sphered data. This means that we
compute the eigenvectors and eigenvalues ofΩ∗ which we denote byα(k),∗ resp. λ∗k where
λ∗1 ≥ λ∗2 ≥ . . . and||α(k),∗||2 = 1.

Thirdly the scores∗k(x) of any pointx for thekth component is computed by

s∗k(x) =
n
∑

i=1

α
(k),∗
i√
λk

〈

Φ∗(xi),Φ(x) −
n
∑

l=1

γlΦ(xl)

〉

.

Using (13) leads to the following result.

Algorithm 2 (Spherical Kernel PCA). Given a sample x1, . . . , xn ∈ X. Let K : X × X → ℝ be
a kernel with corresponding feature spaceH . Then the kth Sperical KPCA score function s∗

k at
x ∈ X equals:

s∗k(x) =
n
∑

i=1

α
(k),∗
i
√

λ∗k

K(xi , x) −∑n
l=1 γkK(xl , x) − γtΩ.,i + γ

tΩγ
√

Ωi,i − 2γtΩ.,i + γtΩγ
. (15)
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with α(k),∗ the eigenvector belonging to the kth largest eigenvalueλ∗k of the median centered and
sphered kernel matrixΩ∗ with entry i, j equal to

Ω∗i, j :=
Ωi, j − γtΩ., j − γtΩ.,i + γ

tΩγ
√

Ωi,i − 2γtΩ.,i + γtΩγ
√

Ω j, j − 2γtΩ., j + γtΩγ
. (16)

These are the Spherical KPCA scores that provide a robust alternative to the classical KPCA
scores from Algorithm 1. Note that the computational complexity of both algorithms is essen-
tially the same. The most time consuming part consists of finding eigenvectors and eigenvalues
of a n× n matrix. Also notice that Spherical KPCA, just like classical KPCA, only depends on
the kernel matrix. No additional tuning constants are needed. This is a nice feature of the spher-
ing concept compared to other types of robustification. Manyrobust algorithms for instance use
reweighting. Then an appropriate weight function has to be chosen often implying an priori as-
sumption on the distribution of the data. Especially in a general kernel induced feature space,
this would be a difficult choice to make.

Note from (13) that all inner products are bounded between sphered feature vectors since

〈Φ∗(xi),Φ∗(x j)〉 ≤ 1.

This means that the functionK∗(xi , x j) = 〈Φ∗(xi),Φ∗(x j)〉 corresponding to the matrixΩ∗ for-
mally looks like a bounded kernel function. Since SphericalKPCA basically applies KPCA onto
the sphered feature vectors, it is tempting to say that Spherical KPCA is nothing but ordinary
KPCA with kernelK∗ instead ofK. SinceK∗ is bounded, the influence function of Spherical
KPCA would be automatically bounded as well. Mathematically this is however not correct,
sinceK∗ is not a kernel function in the strict sense. To defineK∗ the spatial median is needed
and the spatial median of course depends on the sample (or on the distribution in the continuous
case). Implicitly the functionK∗ thus also depends on the distribution and this is not allowed
to construct a valid kernel with corresponding feature space. Nevertheless it seems appropriate
to conjecture that the influence function of Spherical KPCA is bounded due to the fact that the
sphering part of the method maps everything into a bounded space For linear PCA a rigorous
expression for the influence function of Spherical PCA was found by Croux et al. (2002). The
extension of this result to arbitrary kernel feature spacesturns out to be mathematically involved,
but can be interesting future work, potentially applying some of the ideas used by Gervini (2008)
for functional PCA.

5. Visualizing influential observations

We propose a simple graphical display to assess the influenceof observations with respect to
ordinary KPCA. Our strategy is to use the spherical KPCA estimates in the expressions for the
influence function in Theorem 1. For linear PCA this idea was applied by Pison and Van Aelst
(2004). We use the score functions∗k(x) as a sample estimate ofsP,k(x). However, as explained
by Marden (1999) for linear PCA, the spherical eigenvaluesλ∗k are not always good estimates of
λP,k since they can be seriously biased. But sinceλP,k equals the variance of the score function,
one can re-estimate these eigenvalues by a measure of spreadof the scores at the data points. For
Spherical KPCA with a general kernel we propose the same strategy. Of course the measure of
spread should not be influenced too much by individual observations either. We use the robust
Median Absolute Deviation (MAD) to define

λ∗∗k := MAD( s∗k(xi)) =
(

median(|s∗k(xi) −median(s∗k(xi))|)
)2
. (17)
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Other options, e.g. theQn-estimator (Rousseeuw and Croux, 1993), are possible as well of
course. Now observe from Theorem 1 that

||IF (z; ek,P)|| = |〈eP,k,Φ(z)〉|

√

√

√ ∞
∑

j=1, j,k

〈eP, j ,Φ(z)〉2
(λk − λ j)2

which gives us the following sample based influence diagnostic equal to the norm of the empirical
influence function atzof thekth component:

||EIFk(z)|| = |s∗k(z)|

√

√

√ n
∑

j=1, j,k

s∗j (z)
2

(λ∗∗k − λ∗∗j )2
. (18)

To obtain the influence of an observationxi , just takez= xi .

6. Examples

6.1. Toy example

(a) (b)
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Figure 2:Score-contours and estimated influences for (a) − (c) classical KPCA, (b) − (d) spherical KPCA.

In Figure 2 we generated 20 data points showing a quadratic curvature, together with 1 outlier
at (−5, 5) (not visible on the plot). If we construct the score-contours corresponding to the first
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∅ a c g ag ca cg ga gc gg gca cag ggc
gca 1 1 1 1 0 1 0 1 1 0 1 0 0
cag 1 1 1 1 1 1 1 0 0 0 0 1 0
ggc 1 0 1 2 0 0 0 0 1 1 0 0 1

Table 1: Explicit feature vectors with the all-subsequencekernel for the three strings gca, cag and ggc.

principal component of ordinary KPCA with a polynomial kernel of degree 2, we obtain Fig-
ure 2(a). Clearly the quadratic structure is lost completely due tothe single outlier. For Spherical
KPCA, Figure 2(b) depicts the corresponding score-contours. Now the quadratic structure of the
majority of observations is learned, despite the outlier. Two bar plots of the empirical influence
function from equation (18) for the 21 observations are shown in Figure 2 (c) using classical
KPCA and (d) using spherical KPCA. A comparison of both plots visualizes the large difference
between both methods. The diagnostic plot created with spherical KPCA (Figure 2(d)) correctly
reveals that observation 21 (the outlier) causes this difference and that it is highly influential for
classical KPCA.

6.2. String kernel

Consider a situation where the inputs are no vectors, but strings. Then many kernels exist
that can be used to identify patterns in this set of strings. Here we concentrate on one example,
i.e. the all-subsequence kernel. Then the strings are represented by feature vectors of which each
component represents a possible substring. For the three strings ”gca”, ”cag” and ”ggc” for in-
stance the corresponding feature vectors are shown in Table1. So in this case every string can be
represented as a vector with 13 components, and thus analysis could proceed in a 13-dimensional
space. However, this example is extremely simple, since there are only three possible characters
(a,c,g) and only strings of size three are considered. Unfortunately the dimension of the feature
space increases exponentially with the size of the strings.For longer strings the explicit com-
putation of the feature vectors thus becomes infeasible. However, when using a kernel method
these explicit representations are not necessary. All we need are the inner products between
any two feature vectors. For the all-subsequence kernel thekernel matrix containing these inner
products can be computed with fast recursive algorithms (Shawe-Taylor and Cristianini, 2004).
Since Spherical KPCA does not require explicit feature vectors either, but only the kernel matrix,
applying the methodology from the previous sections is straightforward.

As an example take the first 20 DNA sequences in the ’Splice-junction gene sequences’
database from the UCI database (http://www.ics.uci.edu/∼mlearn/MLRepository.html). This
gives us 20 observations, all strings of size 60 composed outof 4 characters (A,C,G,T). The
first 3 elements are shown below.

CCAGCTGCATCACAGGAGGCCAGCGAGCAGGTCTGTTCCAAGGGCCTTCGAGCCAGTCTG,

AGACCCGCCGGGAGGCGGAGGACCTGCAGGGTGAGCCCCACCGCCCCTCCGTGCCCCCGC,

GAGGTGAAGGACGTCCTTCCCCAGGAGCCGGTGAGAAGCGCAGTCGGGGGCACGGGGATG.

As an example we add one strange string to the data set, observation 21, which is the follow-
ing sequence:

CCCCCCCCCCCCCCCAAAAAAAAAAAAAATTTTTTTTTTTTTTGGGGGGGGGGGGGGGGG.
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Although the length of this string and the number of A’s,C’s,G’s and T’s are both similar as for
the other strings, this new observation 21 is clearly different due to the specific order of the char-
acters. Next we perform KPCA and Spherical KPCA on this data set with the all-subsequence
kernel. For each string we compute its influence measure as in(18) with respect to the first
principal component. Figure 3(a) shows the result if we use the original KPCA scores and eigen-
values. String number 2 comes out as the most influential observation. Nevertheless it does not
look extremely dominating and one would probably not suspect big problems. One would cer-
tainly not detect that observation 21 is an exceptional string, since its influence measure is very
small. The results using Spherical KPCA are depicted in Figure 3(b). Then it is immediately
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Figure 3:Estimated influences based on (a) KPCA, (b) Spherical KPCA.

clear that we have the same effect we discussed for the simple toy example in Figure 2. Observa-
tion 21 is in reality extremely influential, dominating the estimation of the ordinary first kernel
principal component completely. This first pc is completelyattracted by string 21. Therefore
using this component results in a misleading plot of the influences. Only by using the spheri-
cal kernel principal components a correct assessment can bemade about observations deviating
from the mainstream. Also note that robust linear PCA methods cannot be used. They require
the explicit feature vectors corresponding to the strings.However, according to Shawe-Taylor
and Cristianini (2004), the dimension of these feature vectors would be likely to exceed 430 in
this example, which is obviously infeasible.

6.3. Octane data

The next example is the octane data set described in Esbensenet al. (1994). It contains near-
infrared (NIR) absorbance spectra over 226 wavelengths ofn = 39 gasoline samples with certain
octane numbers. It is known that six of the samples (25, 26, 36− 39) contain added alcohol.
The data set was also analyzed in Hubert et al. (2005), where it was shown that the robust linear
PCA method ROBPCA was able to detect the six outlying samplesin contrast to ordinary linear
PCA. Now suppose that we increase the difficulty of the problem by using a polynomial kernel of
degree 2. In theory the corresponding feature vectors couldbe computed by taking appropriately
weighted squares and cross-products for all 226 variables.In practice the resulting dimension of
these feature vectors will again be way too high. Explicitlycalculating quadratic forms and then
applying a robust method such as ROBPCA in feature space is thus infeasible.
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Using a kernel method avoids this problem. All we need is the 39× 39 dimensional kernel
matrix, both for ordinary as spherical kernel PCA. The resulting diagnostic plots are shown
in Figure 4. Part (a) of this plot depicts the results using ordinary KPCA. Of course some
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Figure 4:Octane data: estimated influences based on (a) KPCA, (b) Spherical KPCA.

points seem more influential than others, but no dramatic effects would be detected. Part (b)
shows the influence measures using Spherical KPCA. Now we seewhat is really happening: six
observations are extremely influential, dominating all others. These six observations are exactly
the outlying samples that contain alcohol.

7. Conclusion

We investigated the effect of small amounts of contamination on classical Kernel PCA by
calculating expressions for the influence function. We showed that the influence function can be
unbounded if an unbounded kernel is used. Spherical Kernel PCA is proposed as a more robust
alternative. The resulting algorithm is fast and only depends on the choice of the kernel, as in
classical KPCA, so no additional tuning parameters are needed. We use this robust method to
detect influential points in classical KPCA by a simple diagnostic plot. Examples illustrate that
large differences can appear when outliers are present in the data. Using Spherical KPCA these
outliers can be detected, whereas classical KPCA fails to doso.
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