Robustness and Outlier Detection in Chemometrics

Michiel Debruyne, Sanne Engelen, Mia Hubert, and Peter J. Rousseeuw
April 10, 2006

Abstract

In analytical chemistry, experimental data often contain outliers of one type or another.
The most often used chemometrical/statistical techniques are sensitive to such outliers, and
the results may be adversely affected by them. This paper presents an overview of robust
chemometrical /statistical methods which search for the model fitted by the majority of the data,
and hence are far less affected by outliers. As an extra benefit, we can then detect the outliers by
their large deviation from the robust fit. We discuss robust procedures for estimating location
and scatter, and for performing multiple linear regression, PCA, PCR, PLS, and classification.
We also describe recent results concerning the robustness of Support Vector Machines, which
are kernel-based methods for fitting non-linear models. Finally, we present robust approaches
for the analysis of multiway data.

1 Introduction

When analyzing real data, it often occurs that some observations are different from the majority.
Such observations are called outliers. Sometimes they are due to recording or copying mistakes
(vielding e.g. a misplaced decimal point or the permutation of two digits). Often the outlying
observations are not incorrect but they were made under exceptional circumstances, or they belong
to another population (e.g. it may have been the concentration of a different compound), and
consequently they do not fit the model well. It is very important to be able to detect these
outliers. For instance, they can pinpoint a change in the production process or in the experimental
conditions.

In practice one often tries to detect outliers using diagnostics starting from a classical fitting
method. However, classical methods can be affected by outliers so strongly that the resulting
fitted model does not allow to detect the deviating observations. This is called the masking effect.
Additionally, some good data points might even appear to be outliers, which is known as swamping.
To avoid these effects, the goal of robust statistics is to find a fit which is similar to the fit we would
have found without the outliers. We can then identify the outliers by their large residuals from
that robust fit.

In Section 2 we briefly describe some robust procedures for estimating univariate location,
scale, and skewness, as well as low-dimensional multivariate location and scatter. Apart from the
traditional elliptical distributions, we also consider outlier detection at asymmetric (e.g. skewed)
multivariate distributions. Section 3 considers linear regression in low dimensions.

In chemometrics high-dimensional data frequently occurs, often with the number of variables
exceeding the number of observations. Robust methods for analyzing such complex data struc-
tures were developed in recent years. We discuss robust versions of PCA (Section 4), PCR, and
PLS (Section 5), with their accompanying outlier detection tools. Section 6 is devoted to linear
classification.

Although linear models are easy to interpret, a non-linear model can sometimes provide more
accurate prediction results. Kernel-based methods for fitting such non-linear models have been
introduced in the machine learning community and are becoming more popular in chemometrics
and bioinformatics. In Section 7 we describe some recent results concerning the robustness of
Support Vector Machines, a kernel method for classification and regression.



Outlier detection and robustness in multiway data is discussed in Section 8. Finally, Section 9
discusses software availability.

2 Location and covariance estimation in low dimensions

In this section we assume that the data are stored in an n x p data matrix X = (x1,...,x,)’ with
x; = (i, ... ,mip)T the ith observation. Hence n stands for the number of objects and p for the
number of variables. First we consider the univariate case p = 1.

2.1 Univariate location and scale estimation

The location-scale model states that the n univariate observations z; are independent and identically
distributed (i.i.d.) with distribution function F'((x — p)/0) where F' is known. Typically F' is the
standard gaussian distribution function ®. We then want to find estimates for the center u and
the scale parameter o (or for o2).

The classical estimate of location is the sample mean T = %Z?:l x;. However, the mean is
very sensitive to aberrant values. Replacing only 1 out of n observations by a very large value can
change the estimate completely. We say that the breakdown value of the sample mean is 1/n, so it
is 0% for large n. More precisely, the breakdown value is the smallest proportion of observations in
the data set that need to be replaced to carry the estimate arbitrarily far away. The robustness of
an estimator can also be quantified by its influence function® which measures the effect of a small
number of outliers. The influence function of the mean is unbounded, which reflects its non-robust
behavior.

Another well-known location estimator is the median. Denote the ith ordered observation as
7(;). Then the median is defined as x((,41)/2) if n is odd and (z(,/2) + T((n41)/2))/2 if 7 is even.
Replacing only 1 observation by an arbitrary value will not change the median much. Its breakdown
point is about 50%, meaning that the median can resist up to 50% of outliers, and its influence
function is bounded. The robustness of the median comes at a cost: at the normal model it is less
efficient than the mean. To find a better balance between robustness and efficiency, many other
robust procedures have been proposed, such as trimmed means and M-estimators?.

The situation is very similar for the scale parameter o. The classical estimator is the standard
deviation s = \/> i, (z; — Z)?/(n — 1). Since one outlier can make s arbitrarily large, its break-
down value is 0%. A robust measure of scale is the median absolute deviation given by the median
of all absolute distances from the sample median:

MAD = 1.483 median |z; — nleldian(xi)]. (1)

Jj=1,...,n O ()

The constant 1.483 is a correction factor which makes the MAD unbiased at the normal distribution.
Another alternative is the @, estimator®, defined as

Qn = 2.2219¢, {|x2 — .CI}j’;i < j}(k) (2)
with k = (}) ~ (§)/4 and h = [2] + 1. Here [2] denotes the largest integer smaller than or equal
to z. So, we compute the kth order statistic out of the (g) = @ possible distances |z; — ;.

This scale estimator is thus essentially the first quartile of all pairwise differences between two data
points. The constant ¢, is a small-sample correction factor, which makes (J,, an unbiased estimator.
The breakdown value of both the MAD and the @,, estimator is 50%.



Also popular is the interquartile range (IQR) defined as the difference between the third and
first quartiles, so roughly IQR = 2 (3,,/4) — Z(n/4). Its breakdown value is only 25% but it has an
easy interpretation and it is commonly used to construct the boxplot (Section 2.2).

In order to detect outliers it is important to have an outlier detection rule. A classical rule is
based on the standardized residuals of the observations. More precisely, it flags x; as outlying if

|zi — Z|

3)

exceeds e.g. 2.5. But this outlier rule uses non-robust estimates itself, namely the mean ¥ and
the standard deviation s. Therefore it is very well possible that some outliers are not detected
and/or some regular observations are incorrectly flagged as outliers. Plugging in robust estimators
of location and scale such as the median and the MAD yields

S

|z; — medianj—y . (z;)| 4
MAD :

which is a much more reliable outlier detection tool.

2.2 Skewness and the adjusted boxplot

Tukey’s boxplot is a graphical tool to visualize the distribution of a univariate data set, and to
pinpoint possible outliers. In this plot a box is drawn from the first quartile Q1 ~ z(,/4) to the
third quartile Q3 ~ x(3y/4) of the data. Points outside the interval [Q; — 1.5 IQR, Q3 + 1.5 IQR],
called the fence, are traditionally marked as outliers. If the data are sampled from the normal
distribution, only about 0.7% of them will lie outside the fence. The boxplot clearly assumes
symmetry, since we add the same amount to Q3 as what we subtract from ;. At asymmetric
distributions this approach may flag much more than 0.7% of the data. For example, consider
the boxplot in Figure 1(a) of the Cu (cupper) variable of the Kola ecogeochemistry project which
was a large multi-element geochemical mapping project (see e.g.*). We see that the usual boxplot
flags many data points as outlying while they probably aren’t since the underlying distribution is
right-skewed. Figure 1(b) shows a skewness-adjusted boxplot of the same variable®. It only flags
four suspiciously large observations, as well as cases with an abnormally small Cu concentration.
The skewness-adjusted boxplot labels observations as outliers if they lie outside the fence

Q1 — 1.5e3*MC IQR, Q3 + 1.5¢>*MC IQR]. (5)
Here, MC stands for the medcouple which is a robust measure of skewness®. It is defined as

(x; — median) — (median —x;)

MC = median{

1,) Tj — Ty

} (6)

where 7 and j have to satisfy z; < median < z; and z; < x;. From its definition it follows that the
medcouple is a number between —1 and 1. If the data is symmetrically distributed, the medcouple
is zero and the adjusted boxplot thus reduces to the standard boxplot. A positive (negative)
medcouple corresponds to a right-skewed (left-skewed) distribution.

2.3 Multivariate location and covariance estimation

2.3.1 Empirical mean and covariance matrix

In the multivariate situation we assume that the observations x; in RP are p—dimensional. Classical

measures of location and scatter are given by the empirical mean & = % > i, @; and the empirical
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Figure 1: Difference between the standard and the skewness-adjusted boxplot of the cupper data
set.

covariance matrix S, = > 1 (x; — Z)(z; — )T /(n — 1). As in the univariate case, both classical
estimators have a breakdown value of 0%, that is, a small fraction of outliers can completely ruin
them. To illustrate this, consider the simple example in Figure 2. It shows the concentration of
inorganic phosphorus and organic phosphorus in soil”. On this plot the classical tolerance ellipse
is superimposed, defined as the set of p-dimensional points & whose Mahalanobis distance

MD(z) = \/(z — )7 S: ' (x — 7) (7)

equals 4 / X%,O.975’ the square root of the 0.975 quantile of the chi-square distribution with 2 degrees

of freedom. (Note that (7) becomes (3) for p = 1.) If the data are normally distributed, 97.5% of
the observations should fall inside this ellipse. Observations outside this ellipse are suspected to be
outliers. We see however that all data points lie inside the classical tolerance ellipse.

2.3.2 The robust MCD estimator

Contrary to the classical mean and covariance matrix, a robust method yields a tolerance ellipse
which captures the covariance structure of the majority of the data points. Starting from such
highly robust estimates fip of multivariate location and 35 of scatter, we plot the points & whose
robust distance

RD(@) = /(@ — on) TS5 (@ — fin) 5)

is equal to 4 /X%?0.975. In Figure 2, this robust tolerance ellipse is much narrower than the classical

one. Observations 1, 6 and 10 lie outside the ellipse, and are flagged as suspicious observations.
The classical tolerance ellipse on the other hand was clearly stretched in the direction of the three
outliers, so strongly that the latter even fell inside the ellipse and were not flagged. This is an
example of the masking effect.

The robust estimates of location and scatter used in Figure 2 were obtained by the Minimum
Covariance Determinant (MCD) method®. The MCD looks for those h observations in the data set
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Figure 2: Classical (COV) and robust (MCD) tolerance ellipse of the phosphorus data set.

(where the number h is given by the user) whose classical covariance matrix has the lowest possible
determinant. The MCD estimate of location fip is then the average of these h points, whereas
the MCD estimate of scatter 3 is their covariance matrix, multiplied with a consistency factor.
Based on the raw MCD estimates, a reweighing step can be added which increases the finite-sample
efficiency considerably. In general, we can give each x; some weight w;, for instance by putting
w; = 11if (x; — ﬂo)Tﬁo_ l(aﬁi — o) < X§,0.975 and w; = 0 otherwise. The resulting reweighed mean
and covariance matrix are then defined as

X)) = (Y wia)/(Yw) (9)

i=1 =1

Sr(X) = (iwxwi—nR><xi—ﬂR>T)/(iwi—1). (10)

i=1

The final robust distances RD(;) were obtained by inserting fiz(X) and 3z(X) into (8).

The MCD estimator has a bounded influence function? and breakdown value (n — h + 1)/n,
hence the number h determines the robustness of the estimator. The MCD has its highest possible
breakdown value when h = [(n+p+1)/2]. When a large proportion of contamination is presumed,
h should thus be chosen close to 0.5n. Otherwise an intermediate value for h, such as 0.75n, is
recommended to obtain a higher finite-sample efficiency.

The computation of the MCD estimator is non-trivial and naively requires an exhaustive in-
vestigation of all h-subsets out of n. Rousseeuw and Van Driessen'® constructed a much faster
algorithm called FAST-MCD.

2.3.3 Other robust estimators of location and scatter

Many other robust estimators of location and scatter have been presented in the literature. The
first such estimator was proposed independently by Stahel'! and Donoho'?. They defined the



so-called Stahel-Donoho outlyingness of a data point x; as

|mle —median;—1,.n (w]Td)‘
MAD;_; (2T d)

outl(x;) = max

(11)

where the maximum is over all directions (i.e., all unit length vectors in RP), and :c;‘-Fd is the
projection of x; on the direction d. (Note that for p = 1, (11) reduces to (4).) Next they gave
each observation a weight w; based on outl(x;), and computed robust estimates fir and Sk as
in (9) and (10). The Stahel-Donoho estimator was further investigated by Tyler!® and Maronna
and Yohai'4.

Multivariate M-estimators'® have a relatively low breakdown value due to possible implosion
of the estimated scatter matrix. Together with the MCD estimator, Rousseeuw ' introduced the
Minimum Volume Ellipsoid. More recent classes of robust estimators of multivariate location and
scatter include S-estimators”!?, CM-estimators'®, T-estimators!?, MM-estimators?, estimators
based on multivariate ranks or signs?!', and depth-based estimators?223:24,

2.4 OQOutlier detection for skewed multivariate distributions

The Mahalanobis distance (7) and the robust distance (8) assume that the distribution underlying
the majority of the data (i.e. the regular points) is elliptically symmetric, in the sense that its
density is of the form f(z) = g(v/(x — p)TZ"1(z — p)) for some center p and some positive
definite scatter matrix ¥. (The multivariate normal distribution is elliptically symmetric.) The
density contours are then ellipses (when p = 2) or ellipsoids (when p > 3) with center p. Even
the Stahel-Donoho outlyingness (11) makes such an assumption [in fact, if we replace the median
in (11) by the mean and the MAD by the standard deviation, (11) reduces to the Mahalanobis
distance (7)].

But in many cases the underlying distribution is not elliptically symmetric, since its projections
in some directions may be skewed. In such cases we can work with the (skewness-) adjusted
outlyingness®>, which is defined like (11) but where its (symmetric) denominator is replaced by:

(Qs + 1.5¢3°MC IQR) — median(a:?d) if x!ld > median(:n?d)

Jj=1,..,n j=1,...n
median(acjrd) —(Q1— 1.5~ 3-5MC IQR) if acde < median(achd).
jzlz"'zn j:l,...,n

Unlike (7) and (8), the AO does not reject too many data points at such skewed distributions.

Brys et al?® applied the AO to independent component analysis (ICA). In the ICA framework
it is required that the underlying distribution be non-elliptical (in order for the independent com-
ponents to be identifiable). Classical ICA is sensitive to outliers, and downweighting observations
with high AO yielded a robust version of ICA.

3 Linear regression in low dimensions

3.1 Linear regression with one response variable

The multiple linear regression model assumes that in addition to the p independent x-variables, a
response variable y is measured, which can be explained as a linear combination of the x-variables.
More precisely, the model says that for all observations (x;,y;) it holds that

yi= 0o+ Brra+ -+ Bpriptei =B+ B xi+e  i=1,....n (12)



where the errors ¢; are assumed to be independent and identically distributed with zero mean and
constant variance 0. The vector B = (f31,. .., Bp)T is called the slope, and (3 the intercept. We
denote x; = (71, ..., 7). and 8 = (Bo, B1)T = (8o, 51, - .., By)T. Applying a regression estimator
to the data yields p+ 1 regression coefficients 6 = (5’0, e Bp)T. The residual r; of case i is defined
as the difference between the observed response y; and its estimated value g;:

Ti(é) =Y — Ui = Yi — (30 +31$i1 + ... +Bpxip).

3.1.1 The classical least squares estimator

The classical least squares method for multiple linear regression (MLR) to estimate € minimizes
the sum of the squared residuals. It is a very popular method because it allows to compute the
regression estimates explicitly as @ = (X7 X))~ !XTy (where the design matrix X is enlarged with
a column of ones for the intercept term) and moreover the least squares method is optimal if the
errors are normally distributed.

However, MLR is extremely sensitive to regression outliers, which are observations that do not
obey the linear pattern formed by the majority of the data. This is illustrated in Figure 3 for
simple regression (where there is only one regressor x, or p = 1). It contains the Hertzsprung-
Russell diagram of 47 stars, of which the logarithm of their light intensity and the logarithm of
their surface temperature were measured”. The four most outlying observations are giant stars,
which clearly deviate from the main sequence stars. The least squares fit in this plot was attracted
by the giant stars.
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Figure 3: Stars regression data set with classical and robust fit.

An estimate of the scale of the error distribution o is given by s> =Y r?/(n —p —1). One
often flags observations for which |r;/s| exceeds a cut-off like 2.5 as regression outliers, because
values generated by a Gaussian distribution are rarely larger than 2.50. In Figure 4(a) this strategy
fails: the standardized least squares residuals of all 47 points lie inside the tolerance band between
-2.5 and 2.5. The four outliers in Figure 3 have attracted the least squares line so much that they
have small residuals r; from it.
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Figure 4: Standardized residuals of the stars data set, based on the (a) classical MLR; (b) robust
LTS estimator.

3.1.2 The robust LTS estimator

On Figure 3 a robust regression fit is superimposed. The least trimmed squares estimator (LTS)
proposed by Rousseeuw?® is given by

h
minimize Z(T2)i;n (13)
i=1

where (r2)1., < (r?)2m < --+ < (1?). are the ordered squared residuals. (They are first squared,
and then ranked.) The value h plays the same role as in the definition of the MCD estimator. For
h ~ n/2 we find a breakdown value of 50%, whereas for larger h we obtain (n —h + 1)/n. A fast
algorithm for the LTS estimator (FAST-LTS) has been developed?.

The scale of the errors o can be estimated by 6%TS = C%m% Z?:l (T2)i:n where r; are the residuals
from the LTS fit, and ¢, makes & consistent and unbiased at Gaussian error distributions?”. We
can then identify regression outliers by their standardized LTS residuals r;/dprs. This yields
Figure 4(b) in which we clearly see the outliers. We can also use the standardized LTS residuals to
assign a weight to every observation. The reweighed MLR estimator with these LTS weights inherits
the nice robustness properties of LTS, but is more efficient and yields all the usual inferential output
such as t-statistics, F-statistics, an R? statistic, and the corresponding p-values.

3.1.3 An outlier map

Residuals plots become even more important in multiple regression with more than one regressor,
as then we can no longer rely on a scatter plot of the data. Figure 4 however only allows us to
detect observations that lie far away from the regression fit. It is also interesting to detect aberrant
behavior in x-space. Therefore a more sophisticated outlier map can be constructed?®, plotting the
standardized LTS residuals versus robust distances (8) based on (for example) the MCD estimator
which is applied to the z-variables only.

Figure 5 shows the outlier map of the stars data. We can distinguish three types of outliers.
Bad leverage points lie far away from the regression fit and far away from the other observations



in x-space, e.g. the four giant stars and star 7. Vertical outliers have an outlying residual, but no
outlying robust distance, e.g. star 9. Observation 14 is a good leverage point: it has an outlying
robust distance, but it still follows the linear trend of the main sequence, since its standardized
residual does not exceed 2.5.
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Figure 5: Outlier map for the stars data set.

3.1.4 Other robust regression estimators

The earliest systematic theory of robust regression was based on M-estimators??2, followed by
R-estimators3Y and L-estimators3! of regression.

The breakdown value of all these methods is 0% because of their vulnerability to bad leverage
points. Generalized M-estimators (GM-estimators)! were the first to attain a positive breakdown
value, unfortunately going down to zero for increasing p.

The Least Median of Squares (LMS) of Rousseeuw® and the LTS described above were the
first equivariant methods to attain a 50% breakdown value. Their low finite-sample efficiency
can be improved by carrying out a one-step reweighed least squares fit afterwards, but also by
replacing their objective functions by a more efficient scale estimator applied to the residuals r;.
This direction has led to the introduction of efficient positive-breakdown regression methods, such
as S-estimators3?, MM-estimators33, CM-estimators3*, and many others.

To extend the good properties of the median to regression, the notion of regression depth?® and
deepest regression®%37 was introduced and applied to several problems in chemistry3%3.

3.2 Linear regression with several response variables

The regression model can be extended to the case where we have more than one response vari-
able. For p-variate predictors &; = (zi1,..., %)’ and g-variate responses y; = (yi1,---,¥iq)’ the
multivariate (multiple) regression model is given by

yi =B+ Bz +e (14)

where B is the p x ¢ slope matrix, By is the g-dimensional intercept vector, and the errors g; =
(i1, ... €iq)T are ii.d. with zero mean and with Cov(e) = X, a positive definite matrix of size g.



The least squares solution can be written as

B = '8, (15)
~ . AT
Bo = py—B fig (16)
5. = 8,-B'35,8B (17)
where ~ A
~ ﬂx .- E:p 2363,/)
=" and YX=1a= A 18
a <“y> <2yac 3y (18)

are the empirical mean and covariance matrix of the joint (z,y) variables.

In Rousseeuw et al. %0 it is proposed to fill in the MCD estimates for the center p and the scatter
matrix ¥ of the joint (x,y) variables in (18), yielding robust estimates (15) to (17). The resulting
estimates are called MCD-regression estimates. They inherit the high breakdown value of the MCD
estimator. To obtain a better efficiency, the reweighed MCD estimates are used in (15)-(17) and
followed by a regression reweighing step. For any fit 6 = (,ég ,BT)T, denote the corresponding

~

g-dimensional residuals by 7;(0) = y; — BTJZZ' — ,30. Then the residual distance of the ith case is

defined as ResD; = \/T;‘FZA]; Lp;. These residual distances can then be used in a reweighing step
in order to improve the efficiency. Also an outlier map can be constructed. Plotting the residual
distances versus the robust distances one can easily detect good leverage points, bad leverage points
and vertical outliers.

4 Principal Component Analysis

4.1 PCA based on a covariance matrix

Principal component analysis is a popular statistical method which tries to explain the covariance
structure of data by means of a small number of components. These components are linear combi-
nations of the original variables, and often allow for an interpretation and a better understanding
of the different sources of variation. Because PCA is concerned with data reduction, it is widely
used for the analysis of high-dimensional data which are frequently encountered in chemometrics.
PCA is then often the first step of the data analysis, followed by classification, cluster analysis, or
other multivariate techniques?!.

In the classical approach, the first principal component corresponds to the direction in which
the projected observations have the largest variance. The second component is then orthogonal
to the first and again maximizes the variance of the data points projected on it. Continuing
in this way produces all the principal components, which correspond to the eigenvectors of the
empirical covariance matrix. Unfortunately, both the classical variance (which is being maximized)
and the classical covariance matrix (which is being decomposed) are very sensitive to anomalous
observations. Consequently, the first components from classical PCA (CPCA) are often attracted
towards outlying points, and may not capture the variation of the regular observations.

A first group of robust PCA methods is obtained by replacing the classical covariance matrix by a
robust covariance estimator, such as the reweighed MCD estimator®? (Section 2.3.2). Unfortunately
the use of these affine equivariant covariance estimators is limited to small to moderate dimensions.
When p is larger than n, the MCD estimator is not defined. A second problem is the computation
of these robust estimators in high dimensions. Today’s fastest algorithms can handle up to about
100 dimensions, whereas in chemometrics one often needs to analyze data with dimensions in the
thousands.

10



4.2 Robust PCA based on projection pursuit

A second approach to robust PCA uses Projection Pursuit (PP) techniques. These methods max-
imize a robust measure of spread to obtain consecutive directions on which the data points are
projected. In Hubert et al.*? a projection pursuit (PP) algorithm is presented, based on the ideas
of Li and Chen?* and Croux and Ruiz-Gazen®. The algorithm is called RAPCA, which stands for
reflection algorithm for principal component analysis.

If p > n the RAPCA method starts by reducing the data space to the affine subspace spanned
by the n observations. This is done quickly and accurately by a singular value decomposition (SVD)
of X, . (From here on the subscripts to a matrix serve to recall its size, e.g. X, is an n x p
matrix.) This step is useful as soon as p > r = rank(X ). When p > n we obtain a huge reduction.
For spectral data, e.g. n = 50, p = 1000, this reduces the 1000-dimensional original data set to one
in only 49 dimensions.

The main step of the RAPCA algorithm is then to search for the direction in which the projected
observations have the largest robust scale. This univariate scale is measured by the @Q,, estimator (2).
Comparisons using other scale estimators are presented in Croux and Ruiz-Gazen?6 and Cui et al. 4.
To make the algorithm computationally feasible, the collection of directions to be investigated are
restricted to all directions that pass through the L'-median and a data point. The L'-median is a
highly robust (50% breakdown value) location estimator, also known as the spatial median. It is
defined as the point @ which minimizes the sum of the distances to all observations.

Having found the first direction v1, the data are reflected such that the first eigenvector is
mapped onto the first basis vector. Then the data are projected onto the orthogonal complement
of the first eigenvector. This is simply done by omitting the first component of each (reflected)
point. Doing so, the dimension of the projected data points can be reduced by one and consequently,
the computations do not need to be done in the full r-dimensional space.

The method can then be applied in the orthogonal complement to search for the second eigenvec-
tor and so on. It is not required to compute all eigenvectors, which would be very time-consuming
for high p, since the computations can be stopped as soon as the required number of components
has been found.

Note that a PCA analysis often starts by prestandardizing the data in order to obtain variables
that all have the same spread. Otherwise, the variables with a large variance compared to the
others will dominate the first principal components. Standardizing by the mean and the standard
deviation of each variable yields a PCA analysis based on the correlation matrix instead of the
covariance matrix. We prefer to standardize each variable j in a robust way, e.g. by first subtracting
its median med(z1j,...,%y;) and then dividing by its robust scale estimate Qp(z1j,. .., Zn; ).

4.3 Robust PCA based on projection pursuit and the MCD

Another approach to robust PCA has been proposed in Hubert et al.*® and is called ROBPCA.
This method combines ideas of both projection pursuit and robust covariance estimation. The
projection pursuit part is used for the initial dimension reduction. Some ideas based on the MCD
estimator are then applied to this lower-dimensional data space. Simulations have shown that
this combined approach yields more accurate estimates than the raw projection pursuit algorithm
RAPCA. The complete description of the ROBPCA method is quite involved, so here we will only
outline the main stages of the algorithm.

First, as in RAPCA, the data are preprocessed by reducing their data space to the affine sub-
space spanned by the n observations. In the second step of the ROBPCA algorithm, we compute
the outlyingness of each data point by (11) where the median is replaced by the univariate MCD
location and the MAD is replaced by the univariate MCD scale. (When dealing with skewed
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multivariate distributions, one can use the adjusted outlingness of Section 2.4.) To keep the com-
putation time feasible, d ranges over all directions determined by lines passing through two data
points. Next, the covariance matrix 3, of the h data points with smallest outlyingness is com-
puted. The last stage of ROBPCA consists of projecting all the data points onto the k-dimensional
subspace spanned by the k largest eigenvectors of 35, and of computing their center and shape by
means of the reweighed MCD estimator of (9) and (10). The eigenvectors of this scatter matrix
then determine the robust principal components which can be collected in a loading matrix P, j
with orthogonal columns. The MCD location estimate fi, serves as a robust center. The influence
functions of both fi, and P, are bounded*?.

Since the loadings are orthogonal, they determine a new coordinate system in the k-dimensional
subspace that they span. The k-dimensional scores of each data point t; are computed as the
coordinates of the projections of the robustly centered x; onto this subspace, or equivalently ¢; =
P,z: p(wi — ft). The orthogonal distance measures the distance between an observation x; and its
projection &; in the k-dimensional PCA subspace:

T; = iy + Py t; (19)
OD; = ||z; — &il]. (20)

Let Ly, ;. denote the diagonal matrix which contains the k eigenvalues /; of the MCD scatter matrix,
sorted from largest to smallest. Thus l; > Iy > ... > . The score distance of the ith sample
measures the robust distance of its projection to the center of all the projected observations.
Hence, it is measured within the PCA subspace, where due to the knowledge of the eigenvalues, we
have information about the covariance structure of the scores. Consequently, the score distance is
defined as in (8):

(21)

Moreover, the k robust principal components generate a p X p robust scatter matrix 3, of rank k
given by A
Yo = P Ly Pl (22)

We can plot the OD; (20) versus the SD; (21) in an outlier map®®. This way four types
of observations are visualized. Regular observations have a small orthogonal and a small score
distance. When samples have a large score distance, but a small orthogonal distance, they are
called good leverage points. Orthogonal outliers have a large orthogonal distance, but a small score
distance. Bad leverage points have a large orthogonal distance and a large score distance. They
lie far outside the space spanned by the principal components, and after projection far from the
regular data points. Typic