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Abstract

The goal of discriminant analysis is to obtain rules that describe the separation
between groups of observations. Moreover it allows to classify new observations into
one of the known groups. In the classical approach discriminant rules are often
based on the empirical mean and covariance matrix of the data, or of parts of the
data. But because these estimates are highly influenced by outlying observations,
they become inappropriate at contaminated data sets. Robust discriminant rules
are obtained by inserting robust estimates of location and scatter into generalized
maximum likelihood rules at normal distributions. This approach allows to discrim-
inate between several populations, with equal or unequal covariance structure, and
with equal or unequal membership probabilities. In particular the highly robust
MCD estimator is used as it can be computed very fast for large data sets. Also
the probability of misclassification is estimated in a robust way. The performance
of the new method is investigated through several simulations and by applying it
to some real data sets.

Key words: Classification, Discriminant analysis, MCD estimator, Robust
statistics

1 Introduction

We assume that we have measured p characteristics (variables) of n observa-
tions that are sampled from l different populations π1, . . . , πl. In the discrimi-
nant analysis setting, we also know the membership of each observation with
respect to the populations, i.e., we can split our data points into l groups with
n1, n2, . . . , nl observations. Trivially,

∑l
j=1 nj = n. Therefore, we will denote
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the observations by {xij; j = 1, . . . , l; i = 1, . . . , nj}. Discriminant analysis
tries to obtain rules that describe the separation between the observations.
These rules then allow to classify new observations into one of the popula-
tions.

Here we will focus on the Bayesian discriminant rule which is a generalization
of the maximum likelihood rule. We assume that we can describe our exper-
iment in each population πj by a p-dimensional random variable Xj with
density fj. Denote pj as the prior probability, or the membership probability
of population πj, that is the probability for an observation to come from πj.
Then the Bayesian discriminant rule assigns an observation x ∈ Rp to that
population πk for which ln(pjfj(x)) is maximal over all j = 1, . . . , l. If fj is
the density of the multivariate normal distribution Np(µj,Σj), it can easily be
derived that this discriminant rule corresponds with maximizing the quadratic
discriminant scores dQ

j (x), defined as

dQ
j (x) = −

1

2
ln |Σj| −

1

2
(x− µj)

tΣ−1
j (x− µj) + ln(pj). (1)

When all the covariance matrices are assumed to be equal, the quadratic
scores (1) can be simplified to

dL
j (x) = µt

jΣ
−1x−

1

2
µt

jΣ
−1µj + ln(pj) (2)

where Σ is the common covariance matrix. The resulting scores (2) are linear
in x, hence the Bayesian rule belongs to the class of linear discriminant anal-
ysis. It is also well known that if we have only two populations (l = 2) with
a common covariance structure and if both groups have equal membership
probabilities, this rule coincides with Fisher’s linear discriminant rule.

As µj, Σj and pj are in practice unknown, they have to be estimated from
the sampled data. To estimate µj and Σj, one usually uses the group mean xj

and the group empirical covariance matrix Sj, yielding the Classical Quadratic
Discriminant Rule (CQDR):

Allocate x to πk if d̂CQ
k (x) > d̂CQ

j (x) for all j = 1, . . . , l, j 6= k with

d̂CQ
j (x) = −

1

2
ln |Sj| −

1

2
(x− xj)

tS−1
j (x− xj) + ln(p̂C

j ). (3)

For the estimates of the membership probabilities pj in (3) we mention two
popular choices. Either the pj are considered to be constant over all popula-
tions, yielding p̂C

j = 1/l for each j. Either they are estimated as the relative
frequencies of the observations in each group, thus p̂C

j = nj/n.

It is however well known that the classical estimates xj and Sj are very sensi-
tive to outlying observations, making the CQDR rule inappropriate at contam-
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inated data sets. This will be clearly illustrated in the simulations in Sections 2
and 3 and in the analysis of a real data set in Section 4. Therefore we first of
all propose to plug in robust estimators for µj and Σj in (1) (see also Hawkins
and McLachlan, 1997).

In this paper we use the (reweighted) MCD estimator of multivariate loca-
tion and scatter (Rousseeuw, 1984, 1985), because this estimator has good
statistical properties and it can be computed for large data sets within very
little time thanks to the FAST-MCD algorithm (Rousseeuw and Van Driessen,
1999). For group j the raw MCD estimator is defined as the mean µ̂j,0 and
the covariance matrix Sj,0 of the hj observations (out of nj) whose covariance
matrix has the lowest determinant. The quantity hj should be larger than
b(nj + p+ 1)/2c and nj − h should be smaller than the number of outliers in
the jth population. Because this number is usually unknown, we take here
as default value hj = b(nj + p+ 1)/2c. With this choice the MCD attains
its maximal breakdown value of b(nj − p+ 1)/2c ≈ 50% in each group. The
breakdown value of an estimator is defined as the largest percentage of con-
tamination it can withstand (Rousseeuw and Leroy, 1987). If we suspect, e.g.,
less than 25% contamination within each group, we advise to take hj ≈ 0.75nj

because this yields a higher finite-sample efficiency (Croux and Haesbroeck,
1999).

Based on the initial estimates µ̂j,0 and Sj,0 we compute for each observation
xij of group j its (preliminary) robust distance (Rousseeuw and Van Zomeren,
1990)

RD0
ij =

√

(xij − µ̂j,0)
tS−1

j,0 (xij − µ̂j,0). (4)

We assign weight 1 to xi if

RD0
ij ≤

√

χ2
p,0.975

and weight 0 otherwise. The reweighted MCD estimator for group j is then
obtained as the mean µ̂j,MCD and the covariance matrix Σ̂j,MCD of those ob-
servations of group j with weight 1. It is shown in (Croux and Haesbroeck,
1999) that this reweighting step increases the finite-sample efficiency of the
MCD estimator considerably, whereas the breakdown value remains the same.

These robust estimates of location and scatter now allow us to flag the outliers
in the data, and to obtain more robust estimates of the membership probabil-
ities. We first compute for each observation xij from group j its (final) robust
distance

RDij =
√

(xij − µ̂j,MCD)
tΣ̂−1

j,MCD(xij − µ̂j,MCD).

We then consider xij an outlier if and only if

RDij >
√

χ2
p,0.975. (5)
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Let ñj denote the number of non-outliers in group j, and ñ =
∑l

j=1 ñj, then
we robustly estimate the membership probabilities as

p̂R
j =

ñj

ñ
. (6)

Note that the usual estimates p̂C
j = nj/n implicitly assume that all the obser-

vations have been correctly assigned to their group. It is however also possible
that typographical or other errors have occurred when the group numbers
were recorded. The observations that are accidently put in the wrong group
will then probably show up as outliers in that group, and so they will not
influence the estimates of the membership probabilities. Of course, if one is
sure that this kind of error is not present in the data, one can still use the
relative frequencies based on all the observations.

The Robust Quadratic Discriminant Rule (RQDR) thus becomes:

Allocate x to πk if d̂RQ
k (x) > d̂RQ

j (x) for all j = 1, . . . , l, j 6= k with

d̂RQ
j (x) = −

1

2
ln |Σ̂j,MCD| −

1

2
(x− µ̂j,MCD)

tΣ̂−1
j,MCD(x− µ̂j,MCD) + ln(p̂R

j ). (7)

The performance of this rule will be investigated through a simulation study
in Section 2.

In the linear case, we need an estimate of the common covariance matrix Σ.
For this, we consider three approaches. The first method consists of pooling
robust covariance matrices of each group, whereas the second method pools the
observations as in He and Fung (2000). As a third approach, we propose a fast
algorithm to approximate the minimum within-group covariance determinant
(MWCD) method of Hawkins and McLachlan (1997). This will be outlined
in Section 3. We will discuss the robustness properties of the estimators, and
compare the different proposals through a simulation study as in He and Fung
(2000). Finally we analyse two real data sets in Section 4.

Throughout we also need a tool to evaluate our discriminant rule, i.e., we need
an estimate of the associated probability of misclassification. To do this, we
could apply the rule to our observed data and count the (relative) frequencies
of badly classified observations. But it is well known that this yields a too
optimistic misclassification error as the same observations are used to deter-
mine and to evaluate the discriminant rule. Another very popular approach
is cross-validation (Lachenbruch and Mickey, 1968). It computes the classi-
fication rule by leaving out one observation at a time and looking whether
this observation is correctly classified or not. Because it makes little sense to
evaluate the discriminant rule on outlying observations, one could apply this
procedure by leaving out the non-outliers one by one, and counting the per-
centage of badly classified ones. This would however be very time-consuming,
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especially at larger data sets. For the classical linear and quadratic discrimi-
nant rules, updating formulas are available (see e.g. McLachlan (1992)) which
avoid the recomputation of the rule if one data point is deleted. These types
of updating formulas are not available for the robust procedures because the
computation of the MCD estimator is much more complex.

A faster well-known alternative to estimate the classification error consists
of splitting the observations randomly into a training set which is used to
compose the discriminant rule, and a validation set used to estimate the mis-
classification error. As pointed out by Lachenbruch (1975) and others, such
an estimate is wasteful of data and does not evaluate the discriminant rule
that will be used in practice. At larger data sets however, there is less loss of
efficiency when we use only part of the data set, and if the estimated classifi-
cation error is acceptable, the final discriminant rule can still be constructed
from the whole data set. In our examples we used a training set containing
60% of the observations, whereas the validation set was formed by the re-
maining 40%. Because it can happen that this validation set also contains
outlying observations which should not be taken into account, we estimate
the misclassification probability of group j by the proportion of non-outliers
from the validation set that belong to group j and that are badly classified.
An overall misclassification estimate (MP) is then given by the weighted mean
of the misclassification probabilities of all the groups, with weights equal to
the estimated membership probabilities, i.e.,

MP =
l

∑

j=1

p̂R
j MPj . (8)

Source code for the discriminant rules and misclassification probabilities have
been written in S-PLUS and MATLAB, and can be obtained from the au-
thors. Note that the evaluation of the discriminant rules, and the computation
of the misclassification estimates, can be performed very fast in a statistical
programming environment which includes code for the MCD-estimator, such
as S-PLUS and SAS. Moreover one could also first apply the outlier identifi-
cation procedure as defined by (5) and use the cleaned data set as input to an
existing software program for linear and/or quadratic discriminant analysis
(which might be different from the ML approach). This would also yield a fast
and robust analysis.

2 Quadratic discriminant analysis

In this section we compare the classical (CQDR) and the robust (RQDR)
quadratic discriminant rule through a simulation study on moderate large
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data sets. Our ‘clean’ data set consists of three groups of observations which
are trivariate normally distributed. Let ei stand for the ith basis vector. Then,
the first population is sampled from N3(µ1,Σ1) = N3(e1, diag(0.4, 0.4, 0.4)

2),
the second from N3(µ2,Σ2) = N3(e2, diag(0.25, 0.75, 0.75)

2) whereas the third
population is sampled from N3(µ3,Σ3) = N3(e3, diag(0.9, 0.6, 0.3)

2).

Situation A considers the uncontaminated situation where the training data
set is obtained by drawing 500 observations from each population, which we
denote by

A. π1 : 500N3(µ1,Σ1),
π2 : 500N3(µ2,Σ2),
π3 : 500N3(µ3,Σ3).

Next we have generated training data sets which also contain outliers that are
sampled from another distribution. Here we report the results for the following
situations:

Let Σ4 = diag(0.1, 0.1, 0.1)2, then

B. π1 : 400N3(µ1,Σ1) + 100N3(6e3,Σ4),
π2 : 400N3(µ2,Σ2) + 100N3(6e1,Σ4),
π3 : 400N3(µ3,Σ3) + 100N3(6e2,Σ4)

C. π1 : 800N3(µ1,Σ1) + 200N3(6e3,Σ4),
π2 : 600N3(µ2,Σ2) + 150N3(6e1,Σ4),
π3 : 400N3(µ3,Σ3) + 100N3(6e2,Σ4)

D. π1 : 800N3(µ1,Σ1) + 200N3(6e3,Σ4),
π2 : 80N3(µ2,Σ2) + 20N3(6e1,Σ4),
π3 : 400N3(µ3,Σ3) + 100N3(6e2,Σ4)

E. π1 : 400N3(µ1,Σ1) + 100N3(6e3,Σ4),
π2 : 450N3(µ2,Σ2) + 50N3(6e1,Σ4),
π3 : 350N3(µ3,Σ3) + 150N3(6e2,Σ4)

F. π1 : 160N3(µ1,Σ1) + 40N3(µ1, 25Σ1),
π2 : 160N3(µ2,Σ2) + 40N3(µ2, 25Σ2),
π3 : 160N3(µ3,Σ3) + 40N3(µ3, 25Σ3).

Note that the situations B, C, D and E generate 20% outliers that change the
covariance structure of the populations. In setting B the three groups contain
an equal number of observations, whereas settings C and D have unequal group
sizes, the most unbalanced situation being considered in D. In simulation E we
vary the percentage of outliers in the groups between 10% and 30%. Finally
in setting F we introduce radial outliers. Per case we have performed 400
Monte Carlo simulations. To estimate the membership probabilities, we used
the relative frequencies in each group for CQDR and the robust estimates p̂R

j

as defined in (6) for RQDR.
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To evaluate the discriminant rule we have generated from each uncontami-
nated population a validation set of 1000 observations. As explained in Sec-
tion 1 we then first selected from this validation set the data points that were
not flagged as outliers, based on the MCD estimates of center and scatter
in each group. Denote V1, V2 and V3 as those subsets of the validation set
in each population. Note that these subsets changed in every trial, and that
their size was close to 1000 because the validation set was sampled from the
uncontaminated distributions. The misclassification probability of the robust
discriminant rule was then estimated in each group as the proportion of badly
classified observations from V1, V2 and V3 using RQDR. Similarly we estimate
the misclassification probability of the classical discriminant rule as the pro-
portion of badly classified observations from V1, V2 and V3 using CQDR. Both
the robust and the classical rule were thus evaluated through the same vali-
dation sets. Moreover, for each sample the total MP of CQDR is computed
as a weighted mean of MP1, MP2 and MP3 with weights equal to the robust
membership probabilities, in order to make a fair comparison with the robust
RQDR method.

Table 1 shows the mean and the standard deviation of the misclassification
probabilities (MP) over all 400 Monte Carlo samples. The results of simulation
A show that the misclassification estimates are very comparable at uncontam-
inated data. In all the other cases we see that outliers have a large impact
on the classification rule, leading to a much larger overall misclassification
probability MP for CQDR than for RQDR.

If we look at the misclassification probabilities for each group separately, there
are two remarkable results. For case D, RQDR attains a rather large misclassi-
fication probability in group 2. This is however a very small group compared to
the sizes of the other two and consequently results in low robust discriminant
scores d̂RQ

2 as defined in (7). We also run CQDR with the training set consisting
of the uncontaminated data only. Here, we obtained almost the same misclas-
sification probabilities as for RQDR: MP1 = 0.026,MP2 = 0.285,MP3 = 0.070
and MP = 0.056. The large MP2 for RQDR is thus inherent to the Bayesian
discriminant rule itself, and is not caused by the use of robust estimators.

In simulation F we see that MP1 is extremely small for CQDR and much lower
than MP1 of RQDR. If we applied CQDR using an uncontaminated training
set set, the average misclassifications were MP1 = 0.068,MP2 = 0.113 and
MP3 = 0.098 which is almost the same as the results of RQDR. This means
that the outliers influence the classical rules in such a way that many points
are assigned to the first group. Hence, MP1 is very small, but on the other
hand MP2 and MP3 increase considerably. This is also reflected by the large
overall MP of CQDR.
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Table 1
The mean (M) and standard deviation (SD) of the misclassification probability
estimates for RQDR and CQDR based on 400 Monte Carlo samples.

RQDR CQDR

MP1 MP2 MP3 MP MP1 MP2 MP3 MP

Case A M 0.069 0.112 0.095 0.092 0.064 0.113 0.098 0.091

SD 0.006 0.006 0.007 0.002 0.005 0.006 0.007 0.002

Case B M 0.064 0.117 0.113 0.098 0.201 0.267 0.232 0.233

SD 0.010 0.008 0.006 0.005 0.010 0.009 0.014 0.007

Case C M 0.052 0.096 0.145 0.087 0.127 0.311 0.362 0.240

SD 0.003 0.006 0.009 0.002 0.007 0.007 0.007 0.004

Case D M 0.027 0.278 0.070 0.056 0.024 0.526 0.306 0.143

SD 0.002 0.017 0.006 0.002 0.004 0.019 0.006 0.003

Case E M 0.054 0.167 0.095 0.108 0.127 0.564 0.189 0.308

SD 0.005 0.008 0.008 0.002 0.008 0.010 0.010 0.004

Case F M 0.070 0.114 0.098 0.094 0.003 0.289 0.430 0.240

SD 0.009 0.010 0.012 0.003 0.005 0.102 0.124 0.040

3 Linear discriminant analysis

3.1 Discriminant rules

In the linear case we suppose that all the populations have a common covari-
ance matrix Σ which needs to be estimated from the data. It is a very popular
model because it involves much fewer parameters than the general model with
unequal covariance matrices. Given robust estimates of the group centers µ̂j

and the common covariance matrix Σ̂, it follows from (2) that a Robust Linear
Discriminant Rule (RLDR) is given by

Allocate x to πk if d̂RL
k (x) > d̂RL

j (x) for all j = 1, . . . , l, j 6= k with

d̂RL
j (x) = d̂RL

j (x, µ̂j, Σ̂) = µ̂t
jΣ̂

−1x−
1

2
µ̂t

jΣ̂
−1µ̂j + ln(p̂R

j ). (9)

The membership probabilities p̂R
j can be estimated as in (6). Note that if we

assume equal membership probabilities, and l = 2, the classification rule (9)
is a robustified Fisher discriminant rule, which can be described as

x ∈ π1 if (µ̂1 − µ̂2)
tΣ̂−1(x− (µ̂1 + µ̂2)/2) > 0 (10)

8



and x ∈ π2 otherwise.

To construct RLDR we will first look for initial estimates of the group means
and the common covariance matrix, denoted by µ̂j,0 and Σ̂0. This will already

yield a discriminant rule based on d̂RL
j (x, µ̂j,0, Σ̂0). We will then also consider

the reweighting procedure based on the robust distances

RD0
ij =

√

(xij − µ̂j,0)
tΣ̂−1

0 (xij − µ̂j,0). (11)

For each observation in group j we let

wij =







1 if RD0
ij ≤

√

χ2
p,0.975

0 otherwise.
(12)

The final estimates are then obtained as the mean and the pooled covariance
matrix of the observations with weight 1, i.e.

µ̂j = (
nj
∑

i=1

wijxij)/(
nj
∑

i=1

wij) (13)

Σ̂ =

l
∑

j=1

nj
∑

i=1

wij(xij − µ̂j)(xij − µ̂j)
t

l
∑

j=1

nj
∑

i=1

wij

(14)

and the resulting linear discriminant rule is then based on d̂RL
j (x, µ̂j, Σ̂).

To obtain the initial covariance estimate Σ̂0, we consider three different meth-
ods. The first approach is straightforward, and has been applied by Chork and
Rousseeuw (1992) using the Minimum Volume Ellipsoid estimator (Rousseeuw,
1984), and Croux and Dehon (2001) using S-estimators (Rousseeuw and Yohai,
1984). The MCD estimates µ̂j,MCD and Σ̂j,MCD are obtained for each group,
and then the individual covariances matrices are pooled, yielding

Σ̂PCOV =

l
∑

j=1

njΣ̂j,MCD

l
∑

j=1

nj

. (15)

The RLDR rule based on µ̂j,MCD and Σ̂PCOV will be denoted by PCOV, and
the reweighted version by PCOV-W.

For the second approach, we adapt one of the proposals of He and Fung (2000)
who use S-estimators to robustify Fisher’s linear discriminant function. The
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idea is based on pooling the observations instead of the group covariance ma-
trices. To simplify the notations we describe the method for two populations,
but the extension to more populations is straightforward. In the two-sample
situation we assume to have sampled x11,x21, . . . ,xn1,1 and x12,x22, . . . ,xn2,2

from two populations with means µ1 and µ2 and common covariance matrix
Σ. First we estimate µ1 and µ2 as the reweighted MCD location estimates of
the two groups. Then the centered observations are pooled yielding the z’s:

(z1, . . . , zn1+n2
) = (x11 − µ̂1, . . . ,xn1,1 − µ̂1,x12 − µ̂2, . . . ,xn2,2 − µ̂2).

The covariance matrix Σ is now estimated as the reweighted MCD scatter
matrix of the z’s. Moreover their MCD location estimate δ̂ is used to update
the location estimates of the two populations. The new estimates for µ1 and
µ2 now become µ̂1 + δ̂ resp. µ̂2 + δ̂. These iteration steps could be performed
several times, but from our simulations it turned out that additional steps
did not improve the results significantly. Moreover we want to maintain the
short computation time offered by the FAST-MCD algorithm (Rousseeuw and
Van Driessen, 1999) which we used in each estimation step. Doing so, we
obtain the common covariance matrix estimate Σ̂POBS and the corresponding
discriminant rules POBS and POBS-W.

The third estimator combines the two previous approaches and is aimed to find
a fast approximation to the Minimum Within-group Covariance Determinant
criterion of Hawkins and McLachlan (1997). Instead of applying the same
trimming proportion to each group, they proposed to find the h observations
out of the whole data set of size n, such that the pooled within-group sample
covariance matrix Σ̂H has minimal determinant. More precisely, for each h-
subset H, let

δij =







1 if xij ∈ H

0 if xij ∈ H,
(16)

then Σ̂H is defined as in (14) if we replace the weights wij by δij. The MWCD

covariance estimator Σ̂MWCD is then obtained by selecting that h-subset for
which Σ̂H has minimal determinant. The algorithm described in Hawkins and
McLachlan (1997) is very time-consuming because it is based on pairwise
swaps. We propose the following fast approximation, which we will again de-
scribe for two groups.

Step 1. As initial estimates for the group centers, compute the MCD location
estimates in each group.

Step 2. Shift and pool the observations to obtain the z’s, as in the POBS ap-
proach.

Step 3. Compute the raw MCD estimator of the z’s. Let H be the h-subset (out
of n) which minimizes the MCD criterion. Partition H into H1 and H2

such that H1 contains the observations from H that belong to the first
group, and H2 to the second.

10



Step 4. Estimate the group centers µ̂1 and µ̂2 as the group means of the obser-
vations from H1 resp. H2.

Step 5. If desired, iterate Steps 2 to 4 a certain number of times. In our imple-
mentation, no iteration is used.

Step 6. Obtain Σ̂MWCD as Σ̂H with H the final h-subset.

This estimation procedure leads to the MWCD and the MWCD-W discrim-
inant rules. Note that this algorithm can fail if some of the groups are very
small. Then it might be possible that the final subset H does not contain p+1
observations from each group, making those group covariance matrices singu-
lar. At larger data sets, we can however expect that all the groups contain
enough observations so that this will not happen.

3.2 Robustness properties

The robustness of the linear discriminant rules towards outliers depends com-
pletely on the estimators for the group center and the common covariance
matrix. Two very popular ways to measure the robustness of an estimator is
by means of its breakdown value (Rousseeuw and Leroy, 1987) and its influ-
ence function (Hampel et al., 1986). The breakdown value of an estimator is
usually defined as the minimum proportion of contamination (with respect
to n) which can cause the estimates to become worthless. In this model with
multiple groups, regardless of the estimator, the optimal breakdown value can
not be expected to be better than roughly minj nj

2n
, which can be very low if

the smallest group contains few observations. Therefore, as in He and Fung
(2000), it is more appropriate to “use breakdown value as the smallest pro-
portion of contamination to each of the groups under which the estimates will
start to break down”. For PCOV and POBS, this breakdown value clearly
equals ε∗P = minj[(nj−p+1)/2]/nj if each group is in general position (which
means that at most p observations fall into a (p − 1)-dimensional subspace).
For our MWCD algorithm, the formal breakdown is harder to determine ex-
actly, but it is at most ε∗P because it starts with the MCD-location in each
group.

Both the MCD location and scatter matrix estimator have a bounded influ-
ence function (Croux and Haesbroeck, 1999). From Croux and Dehon (2001)
it follows that consequently also the influence functions of µ̂PCOV and Σ̂PCOV

are bounded, as well as the influence function of the robustified Fisher’s lin-
ear discriminant rule (10). For the POBS and MWCD approaches, no exact
formulas for the influence function have yet been derived. Therefore, we have
computed empirical influence functions for the two groups case. For this we
have generated a group of 100 observations from N2(−2, I) and a group of 100
observations from N2(2, I). In this bivariate situation, the discriminant rule
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Fig. 1. Empirical influence function of the slope of the discriminant line obtained
with POBS-W.

corresponds with a line of which the slope T1 and intercept T2 can be derived
from (10). To examine the influence of an outlier to this rule, we add to the
first group a point x and recompute the resulting discriminant line with slope
T1(x) and intercept T2(x). The empirical influence function of the slope is then
defined as EIF(T1, x) = n(T1(x) − T1). An equivalent definition holds for the
intercept. Figure 1 shows the EIF for the slope, and Figure 2 for the intercept
of the POBS rule, by letting x vary over a fine grid. We see that the influence
of a single outlier is always bounded. The largest influence is obtained by out-
liers which lie in between the two groups. The empirical influence function for
the MWCD estimator is not shown here, but it was bounded as well.

3.3 Simulation results

In this section we will compare the performance of the three proposed RLDR
algorithms through a simulation study. In addition we will make the compar-
ison with the S2A estimator of He and Fung (2000), which is like the POBS
estimator but it uses an S-estimator of location and scatter instead of the
MCD. For any of the four estimators under consideration (PCOV, POBS,
MWCD, S2A) we consider both the raw and the reweighted version. We ap-
plied the RLDR rules to the same settings as in He and Fung (2000), i.e.,

A. π1 : 50N3(0, I),
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Fig. 2. Empirical influence function of the intercept of the discriminant line obtained
with POBS-W.

π2 : 50N3(1, I)
B. π1 : 40N3(0, I) + 10N3(5, 0.25

2I),
π2 : 40N3(1, I) + 10N3(−4, 0.25

2I)
C. π1 : 80N3(0, I) + 20N3(5, 0.25

2I),
π2 : 8N3(1, I) + 2N3(−4, 0.25

2I)
D. π1 : 16N3(0, I) + 4N3(0, 25I),

π2 : 16N3(1, I) + 4N3(1, 25I)
E. π1 : 58N3(0, I) + 12N3(5, 0.25

2I),
π2 : 25N3(1, 4I) + 5N3(−10, 0.25

2I).

with I being the threedimensional identity matrix. Moreover we also assumed
equal membership probabilities, such that the resulting rules all can be seen
as a robustified Fisher discriminant rule (10).

To evaluate the discriminant rules, we used the same criterion as He and Fung
(2000). First a training set was generated from the contaminated population,
and a discriminant rule was built based on this training set. Then for both
groups a validation set of size 2000 was generated from the uncontaminated
populations, and the percentage of misclassified points out of these 4000 was
computed. Note that this yields slightly different results than using our mis-
classification estimate defined in (8). We repeated this experiment 100 times.
Table 2 shows the means and standard deviations of the misclassification prob-
abilities for the raw and the reweighted discriminant rules. Remark that we did
not consider validation sets from the contaminated populations unlike He and
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Fung (2000), because we do not find it very useful to evaluate a discriminant
rule on contaminated data.

Table 2
The mean (M) and standard deviation (SD) of the misclassification probability
estimates for the raw and reweighted robust linear discriminant rules based on 100
Monte Carlo samples.

raw reweighted

PCOV POBS MWCD S2A PCOV-W POBS-W MWCD-W S2A-W

A M 0.208 0.207 0.241 0.205 0.203 0.203 0.208 0.203

SD 0.016 0.013 0.041 0.011 0.011 0.011 0.016 0.011

B M 0.210 0.217 0.234 0.204 0.209 0.203 0.208 0.202

SD 0.039 0.022 0.042 0.011 0.045 0.010 0.037 0.010

C M 0.263 0.267 0.252 0.266 0.217 0.222 0.218 0.213

SD 0.127 0.138 0.074 0.129 0.019 0.023 0.023 0.023

D M 0.229 0.226 0.246 0.222 0.226 0.223 0.225 0.219

SD 0.034 0.028 0.045 0.029 0.031 0.029 0.032 0.025

E M 0.294 0.280 0.307 0.278 0.285 0.283 0.291 0.279

SD 0.033 0.025 0.049 0.023 0.024 0.029 0.035 0.023

From Table 2 we may conclude that the reweighted versions clearly increase
the efficiency of the discriminant rules. The most gain is obtained for the
MWCD estimator, whose reweighted version performs much better than the
raw one. The three MCD reweighted proposals have a very comparable per-
formance. Except for case C, POBS-W gives slightly better results, both for
the mean and the standard deviation of the misclassification probabilities.
We also performed similar simulations at data sets whose group sizes were 10
times larger than the one discussed here. Then the differences between the
three MCD based estimators almost disappeared completely. We also tried
out several configurations with an unequal percentage of outliers within each
group, but also here, all discriminant rules yielded approximately the same
misclassification probabilities. This result is in agreement with the simulation
study of He and Fung (2000), who compared a.o. the POBS and PCOV ap-
proach using biweight S estimators (which they call S2A resp. S1). For the
simulation settings under consideration, S2A and S1 behave almost the same,
but the MSE of the S2A covariance estimator itself is much lower than the
MSE of S1. It was however outside the scope of this paper to investigate in
detail the MCD-based common covariance estimators.

The computational load of POBS, PCOV and MWCD is also comparable.
PCOV is somewhat faster, as it needs to compute l = number of groups
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Fig. 3. Average CPU computation times of the FAST-MCD algorithm and the
algorithm of Ruppert for S-estimators, for different values of n and p.

MCD location and covariance matrices, whereas l+1 location and covariance
estimates are required for POBS and MWCD.

When we compare the MCD based procedures with S2A and S2A-W, we see
that the misclassification probabilities differ about 1% or less. This shows that
the MCD estimator is very appropriate for classification purposes although its
asymptotic and finite-sample efficiency is in general lower than those obtained
with S-estimators. Moreover a currently important strength of the MCD es-
timator is its low computation time and its availability in modern statistical
packages like S-PLUS and SAS. To illustrate its speed, we compared the com-
putation time of the MCD estimator and the biweight S-estimator for one
single group with a size ranging from n = 50 to n = 5000 in p = 3 and p = 6
dimensions. For both estimators we used a full MATLAB implementation to
make an appropriate comparison. The S-estimator was computed following the
algorithm of Ruppert (1992), with 2000 initial random subsamples as in He
and Fung (2000). Figure 3 plots the average CPU times in seconds over 100
trials. It is clear that the FAST-MCD algorithm is much faster than the Rup-
pert algorithm for S-estimators, and that this difference increases at larger n.
In discriminant analysis, these computations have to be performed for each
group separately. Consequently, an MCD-based algorithm will be considerably
faster than one using an S-estimator.
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4 Examples

4.1 Fruit data set

From Colin Greensill (Faculty of Engineering and Physical Systems, Central
Queensland University, Rockhampton, Australia) we obtained a data set that
contains the spectra of six different cultivars of the same fruit (cantaloupe –
Cucumis melo L. Cantaloupensis group). The total data set contained 2818
spectra measured in 256 wavelengths. For illustrative purposes we consider
three cultivars out of it, named D, M and HA with sizes 490, 106 and 500 re-
spectively. Our data set thus contains 1096 observations. From Colin Greensill
we also obtained the information that the data of cultivar D in fact consists of
two groups, because 140 observations of D were obtained after a new lamp was
installed. Cultivar HA consists of three groups obtained with different illumi-
nation systems. Because we did not know in advance whether these subgroups
would behave differently, we treated them as a whole.

First we applied a robust principal component analysis to this data set in order
to reduce the dimension of the data space. Because of the curse of dimensional-
ity, it is recommended that nj > 5p to run the FAST-MCD algorithm. Because
this condition is far from satisfied in this example, we first applied a robust
PCA method for high-dimensional data which is based on projection pursuit
(Hubert et al., 2002). In each step of this algorithm, the direction is searched
onto which the projected data points have maximal robust scale. The screeplot
in Figure 4 plots the 25 largest robust eigenvalues that come out of this pro-
cedure. From this picture and based on the ratio of the ordered eigenvalues
and the largest one (λ2/λ1 = 0.045, λ3/λ1 = 0.018, λ4/λ1 = 0.006, λ5/λ1 <
0.0005), we decided to retain four principal components.

We then randomly divided the data set into a training set and a validation
set, consisting of 60% resp. 40% of the observations. The membership proba-
bilities were estimated according to (6), i.e., we computed the proportion of
non-outliers in each group of our training set, yielding p̂R

D = 54%, p̂R
M = 10%

and p̂R
HA = 36%. Because we had no prior knowledge of the covariance struc-

ture of the three groups, we applied the quadratic discriminant rule RQDR.
We computed the robust misclassification probabilities as explained in Sec-
tion 1, thus we only considered the ‘good’ observations from the validation
set. To the training set we also applied the classical quadratic discriminant
rule CQDR, which we evaluated using the same reduced validation set. The
results are presented in Table 3. First we have listed the misclassifications for
the three groups separately. The column MP lists the overall misclassification
probability (8). Note that here again the total MP for the classical rule CQDR
is a weighted mean of MPD, MPM and MPHA with weights equal to the robust
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Fig. 4. Robust screeplot obtained by applying a robust PCA method for
high-dimensional data on the original data set with 256 variables.

membership probabilities (54%, 10% and 36%). But the classical discrimi-
nant rule itself is based on the group sizes, yielding p̂C

D = 409/1096 = 44.7%,
p̂C

M = 106/1096 = 9.7% and p̂C
HA = 500/1096 = 45.6%. Also note that the

results did not vary much when we used other random training and validation
sets.

Table 3
Misclassification probabilities for RQDR and CQDR applied to the fruit data set.

RQDR CQDR

MPD MPM MPHA MP MPD MPM MPHA MP

0.03 0.18 0.01 0.04 0.06 0.30 0.21 0.14

We see that the overall misclassification probability of CQDR is more than
three times larger than the misclassification of RQDR. The most remarkable
difference is obtained for the cultivar HA, which contains a large group of
outlying observations. This can be very well seen in the plot of the data pro-
jected onto the first two principal components. Figure 5 shows a sample of
20% of the data. Because of the overlap between the three cultivars, a plot of
all the observations became very unclear. On this Figure 5 the cultivar D is
marked with circles, cultivar M with triangles and cultivar HA with crosses.
We clearly see a subgroup of cultivar HA that is far separated from the other
observations. In fact, this outlying group corresponds with one of the sub-
groups of HA caused by a change in the illumination system. The other two
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subgroups of HA on the other hand were not distinguishable from each other.
Neither could we see on this picture a separation between the two subgroups
of cultivar D.

Let us for illustrative purposes also apply the linear discriminant rule POBS-
W to this two-dimensional data set. This seems appropriate if we look at
the robust tolerance ellipses of the three cultivars, shown as solid curves in
Figure 5. The 97.5% robust tolerance ellipse of cultivar j is defined as the set
of points x that satisfy

(x− µ̂j)
tΣ̂−1(x− µ̂j) = χ2

2,0.975

where µ̂j and Σ̂ are the group center estimates and scatter estimate as con-
structed in the POBS-W rule in Section 3. The corresponding classical toler-
ance ellipses are shown with dashed curves. We see how the classical covariance
estimator of Σ is strongly influenced by the outlying subgroup of cultivar HA.

The effect on the resulting discriminant rules can be seen by looking at the
discriminant lines that are superimposed, again with solid and dashed lines
respectively for the robust and the classical method. The intersection of the
classical discriminant lines has coordinates (−38.64,−2.25) and thus lies very
far to the left of the data cloud. To keep the picture clear we did not plot this
point. The classical discriminant line that is left separates cultivar HA from
cultivar D. This still gives a reasonable classification for those two groups.
But the situation for cultivar M is dramatic: all the observations are badly
classified because they would have to belong to a region that lies completely
outside the boundary of this figure.

The robust discriminant analysis does a better job. The tolerance ellipses are
not affected by the ‘outliers’ and the discriminant lines split up the different
groups more precisely. The resulting misclassification probabilities are 17%
for cultivar D, 95% for cultivar M, and 6% for cultivar HA, with an overall
MP = 23%. We see that the misclassification for cultivar HA is very small,
although the outlying group lies on the wrong side of the discriminant line
between HA and M. This is because the misclassification estimate does not
take outliers into account. The misclassification of cultivar M on the other
hand is still very high. This is due to the intrinsic overlap between the three
groups, and due to the fact that cultivar M is small with respect to the others.

When we assume that all three groups are equally important by setting the
membership probabilities equal to 1/3, we obtain the classification depicted in
Figure 6. The intersection of the robust discriminant lines is now shifted to the
left yielding a better classification of cultivar M (MPM = 46%). But now the
other groups have a worse classification error (MPD = 30% and MPHA = 17%).
The global MP equals 31% which is higher than with the discriminant analysis
based on unequal membership probabilities. This example thus clearly shows
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Fig. 5. RLDR and CLDR for the fruit data, with unequal membership probabilities.
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Fig. 6. RLDR and CLDR for the fruit data, with equal membership probabilities.

the effect of outliers and the effect of the membership probabilities on the
discriminant rules.

4.2 Hemophilia data set

As a second example we analyze the hemophilia data of Habbema et al.
(1974) who tried to discriminate between 45 hemophilia A carriers and 30
normal women based on two feature variables: x1 = log(AHF activity) and
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Fig. 7. Robust and classical linear discriminant analysis for the hemophilia data.

x2 = log(AHF-like antigen). This data set was also analyzed in Johnson and
Wichern (1998) and Hawkins and McLachlan (1997). Figure 7, which displays
the data points, clearly indicates that a linear discriminant analysis is ap-
propriate. On this plot the dots represent the healthy women, whereas the
hemophilia carriers are depicted with triangles.

The discriminant rule POBS-W is computed from a training set composed of
45 (60%) observations, randomly drawn from the whole data set. The mem-
bership probabilities were computed as the proportions of ‘good’ points in the
training set, yielding p̂R

1 = 37% and p̂R
2 = 63%. The robust estimates are again

represented in Figure 7 by the 97.5% tolerance ellipses (solid curves), whereas
the dashed tolerance ellipses were based on the classical estimates applied to
the same training set. When we estimate the misclassification probabilities
based on the validation set that consists of the remaining 30 observations, we
obtain the same results for RLDR and CLDR, namely 17% in the first group
and 7% in the second group. This corresponds with 2 and 3 observations
respectively.

As also argued in (Hawkins and McLachlan, 1997) this is not an indication
that robust methods are not needed. On the contrary this example shows that
the performance of the robust approach is comparable with the classical one
if there are no (large) outliers in the data set, whereas its reliability is much
higher in the presence of outliers. Both examples thus confirm the simulation
results.
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5 Conclusion

In this paper we have investigated the use of the MCD estimator of loca-
tion and shape for robust discriminant analysis. If the different groups have
an unequal covariance structure, robust quadratic discriminant scores are ob-
tained by plugging in the MCD estimates for each group into the generalized
maximum likelihood discriminant rules. When the groups have a common co-
variance structure, we compared three MCD-based algorithms to estimate this
common scatter matrix. We also estimate the membership probabilities in a
robust way by taking only the non-outliers into account. The same idea is
applied to obtain an estimate of the misclassification probabilities.

Our simulation study clearly showed how the robust approach was not af-
fected by outliers, unlike the classical rules. The simulations for the linear
case exposed that all three estimators for Σ behave similar, and that their
performances were only slightly lower than the method of He and Fung (2000)
based on S-estimators. The latter approach requires however much more com-
putation time, especially at larger data sets.

Finally we applied the robust discriminant rules to two real data sets. In the
first one, it was illustrated how the robust rules were not sensitive to outliers.
The second example showed that the linear rule performed very well on a data
set without outlying values. This motivates the use of MCD-based discriminant
rules for the analysis of both small and large data sets.
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