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Abstract: One of the main issues in Principal Component Analysis (PCA)
is the selection of the number of principal components. To determine this
number, the Predicted Residual Error Sum of Squares (PRESS) value is
frequently used [2, 8]. It can be computed on a validation set, but such a
new data set is not always available and many data sets in chemometrics
or bio-informatics have a too small size to split into a training set and a
validation set. Therefore, a cross-validated version of the PRESS statistic
can be used, which is obtained by removing one observation at a time from
the total data set. This technique is however rather time consuming. The
computational complexity increases even more when robust PCA methods
are used, such as the MCD estimator [12] for low-dimensional data or the
ROBPCA method [4] for high-dimensional data. In this paper we introduce
faster algorithms to compute the cross-validated PRESS value for these two
methods. We evaluate the developed procedures by means of simulated and
real data in both low and high dimensions. We also extent the methodology to
high-breakdown regression methods such as the LTS estimator [15], MCD-
regression [13], robust principal component regression [7] and robust PLS
regression [6].

1 Introduction

The comparison of different estimators is a very important issue in statistics.
One possibility is to compare them based on their predictive ability. For this
purpose the Predicted Residual Error Sum of Squares (PRESS) is very well
suited (see e.g. [1] and [11]). In general it is defined as the sum of the squared
residuals from a validation set. The model parameters on the other hand
are estimated from an independent training set. However, a validation (or
test) set is not always available and many data sets in chemometrics or bio-
informatics have a too small size to split into a training set and a validation
set. Therefore, a cross-validated version of the PRESS statistic can be used.
To compute the residual of case 4, this observation is first removed from the
data set before the parameters are estimated. This one-fold cross-validation
is very popular, but is very time consuming. Only in very specific cases, like
linear regression, the cross-validated residuals can be calculated using closed
formulas. Therefore one-fold cross-validation is usually applied to smaller
data sets. Note that at larger data sets, m-fold cross validation is a valuable
alternative.
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In this paper we concentrate on two robust PCA methods: the MCD
estimator [12] for low-dimensional data and the ROBPCA method [4] for
high-dimensional data. Contrary to classical PCA, they are resistant to out-
liers in the data. Although their computation time is reasonable (e.g. it takes
4.16 seconds to run ROBPCA on a data set with n = 180 observations in
p = 750 dimensions on a Pentium IV with 2.4 GHz), it is no longer feasible
to execute the full algorithm n times. Fast cross-validation is thus certainly
needed for these robust methods.

In the next section, we first define a robust cross-validated PRESS value.
In Section 3 we introduce fast algorithms for its computation. In Section 4
and 5 we illustrate the performance of our method by means of simulations
and examples.

Matrices will be denoted by capital letters. Our data matrix X, , has
n observations and p dimensions. A vector is always indicated with a bold
symbol e.g. ©; = (z;1,- -+, xip) stands for the ith observation.

2 A robust PRESS value

PCA [8] is a well-known dimension reduction technique where a k-dimensional
loading matrix P, and scores t; are constructed such that

ti =P ,(xi — ) (1)

with £ an estimate of the center of the data. In classical PCA, f is given
by the mean of the data and the k loading vectors are the eigenvectors of
the empirical covariance matrix of the data that belong to the k largest
eigenvalues. Details of the construction of & and P for robust PCA methods
are given in Section 3 for the MCD-algorithm and in reference [4] for the
ROBPCA method. An estimate of x; in the k-dimensional PCA-space is
given by

Zi ) = Pprti + . (2)

The cross-validated PRESS;, value is then defined as

PRESS; = Y _ [l — & 4| (3)

i=1

with &_; ;, the estimate of the ith observation based on a PCA model with
k components constructed from the n — 1 other samples.

Even if the fitted values &_; 1, in (3) are based on a robust PCA method,
the PRESS wvalue is not robust as it also includes the prediction error of
the possible outliers. A robust version of the PRESS is obtained by adding
weights to each observation:

R-PRESS, = > willai — ;x> (4)
i=1
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These weights w; are determined before the cross-validation is started. Based
on the PCA estimates on the full data set for k = 1,..., k4 components,
outliers for every model under investigation are marked. For details about
the definition of an outlier in PCA, we refer again to [4]. If an observation
is an outlier in one or more models, its weight w; equals 0. Samples that
are never detected as an outlier, obtain weight w; = 1. Doing so, the robust
PRESS,, value is based on the same set of observations for each k. This
definition is similar to the robust RMSECV value that is defined for robust
PCR [7] and robust PLS regression [6].

3 Fast cross-validation

The MCD (Minimum Covariance Determinant) estimator [12] is a highly
robust method to estimate multivariate location and scatter parameters when
the number of variables p is smaller than half the number of samples n. The
principal components can be considered as the eigenvectors of the robust
covariance estimate. ROBPCA [4], ROBust Principal Components Analysis,
on the other hand is a technique where projection pursuit ideas are combined
with the MCD estimator and is in particular appropriate for high-dimensional
data.

In order to explain how the calculation of the PRESS values can be
speeded up for MCD, we first describe the original FAST-MCD algorithm [14].
Then we present the adapted version and indicate where some time improve-
ments of the original procedure are made. For a detailed description of the
ROBPCA algorithm and its changes towards fast cross-validation (which are
comparable with those of MCD), we refer to [4] and [3]. Here, we will only
show the numerical results.

3.1 The MCD estimator

The objective of the raw MCD is to find h > 5 observations out of n whose co-
variance matrix has the smallest determinant. Its breakdown value is w
hence the number h determines the robustness of the estimator. For its com-
putation, the FAST-MCD algorithm [14] can be used. It roughly proceeds as

follows :

)

1. Many random (p + 1)-subsets are drawn, which are enlarged to initial
h-subsets using a C-step as explained in the next step. If it is com-
putationally feasible, all possible (p + 1)-subsets are used. Else 500
(p + 1)-subsets are drawn.

2. Within each h-subset, two C-steps are performed. Basically a C-step
consists of computing first the classical center fip and the classical co-
variance matrix Yo of the h observations. Then the robust distance



4 Sanne Engelen, Mia Hubert

(which depends on fiy and f]o) of each point is computed as:

RD,, 5, (@) = \/ (@i — 10V S5 (i — fio). (5)

A new h-subset is formed by the h observations with smallest robust
distance.

3. For the 10 h-subsets with the best value for the objective function, C-
steps are performed until convergence. Other time saving techniques
can be applied and are described in [14].

4. The raw estimates of location firaw and scatter iraw are the classi-
cal mean and classical covariance matrix (multiplied by a consistency
factor) of the h-subset Hy with lowest objective function.

5. Next, a reweighting step is applied for efficiency purposes. Every
observation is multiplied by a weight based on its robust distance
RD, s .. (®i). When this squared distance is larger than the 0.975
quantile of the x? distribution, the weight is set equal to 0 and else to 1.
The classical mean and covariance matrix of the weighted observations
are the final robust center fip;cp and scatter matrix by MCD-

6. Finally, the principal components are defined as the k eigenvectors of
)y mcp which belong to the k largest eigenvalues of )y mcp- These prin-
cipal components are stored in the loading matrix P, . Analogously
to (2), an estimate of x; in the k-dimensional space spanned by these
components is given by

& = PpiPy ,(xi — fiseop) + o (6)

3.2 The approximate algorithm

In order to compute the robust PRESS value (4), we need $_; and fi_s,
which are the MCD estimates of the covariance matrix and center of the
data set without observation i. In the naive approach the FAST-MCD al-
gorithm is fully applied n times. This takes a lot of time, as the algorithm
is based on random resampling (see step 1). Therefore we have developed
an approximate estimate for ¥_; and fi_;. First note that $_; and fi_; are
the MCD estimates for a data set with n — 1 observations. In order to re-
tain a breakdown value as close as possible to the breakdown value of the
full MCD, being [n=ht1] H] , we define the raw MCD estimator on n — 1 points
as the mean and covarlance matrix of the h — 1 observations with smallest
covariance determinant.
The approximate algorithm proceeds as follows:

1. Perform the MCD algorithm on the whole data set. We store the h-
subset Hy, the center fi,4, and covariance matrix ¥4, before weight-
ing and the center fip;cp and covariance matrix 3o p after weighting.
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2. Repeat the next steps for each sample i = 1,--- | n.

(a)
(b)

(f)

We remove sample ¢ from the set of n observations.

Now we have to find the (h—1)-subset H_; ¢ with lowest objective
function. Instead of obtaining it by resampling, we just use an
update of Hy. This yields an approximate, but a very fast solution.
When Hj contains the i¢th observation, we take the remaining
(h — 1) points of Hy. On the other hand, when sample i does not
belong to Hy, the (h — 1) points of Hy with the smallest robust
distance RD, 5. (z;) are used to form H_;o. Denote x, as
the observation which has been removed from Hy, or H_; o =
Ho\{z,}. Remark that for all observations i outside Hy, H_;

needs to be computed only once.

Next, we compute fi_; o and 2—1‘,0 as the mean and covariance
matrix of the (h — 1) points from H_;o. This can be performed
quickly using updates of fi;q, and Xj,qp:

n 1

H—i0 = n_ 1( raw EmT)

. n—1x n—1

Efi = E7"au)_ (Afi - Xp Afi - rt)
0= T p— (B—io — %) (B-i0 — Xr)

To improve this solution, we apply two C-steps starting from fi1_; o
and X_; o, yielding ft_; rquw and X_; rquw.

Finally, we perform a reweighting step based on i_i,mw and

f—i raw as described in step 5 of the MCD algorithm. This yields
f—imcp and XA)_L mcp whose k dominant principal components
are stored in P_;.

As in equation (6) an estimate of @; ;, is then given by:

&_ip=P_iP (x; — fi_inmeD) + f—i,MCD

3.3 The ROBPCA method

Very shortly written, the ROBPCA method proceeds as follows. First, a
singular value decomposition is performed on the data in order to reduce
their data space to the affine subspace spanned by the n observations. In
a next step a measure of outlyingness is computed for every point. The h
observations with smallest outlyingness are collected into Hy. Then, all the
data are projected onto the k-dimensional subspace spanned by the dominant
eigenvectors of the covariance matrix of the points in Hy. Finally a slightly
adapted version of MCD is performed. This results in a loading matrix P, j
and an estimate of p from which the fitted value (2) and the robust R-PRESS
can be computed.
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To perform fast cross-validation with ROBPCA we apply similar time
reduction techniques as for the MCD estimator in the different stages of the
algorithm. Details of this approach are described in [3].

4 Simulations

We have performed many simulations to investigate the time reduction and
the precision of the approximate MCD and ROBPCA algorithms. Because
of lack of space, we only report one simulation setting. The results of the
simulations are shown graphically by plotting the R-PRESS curves for the
naive and the approximate algorithm in one figure. The curve marked with
a e symbol represents the approximate method, while the one with the x
markers stands for the naive approach. If the approximate method works
well, the curves should be close to each other. The time to run the program
is also stored.

For the MCD approach we have simulated a data set of n = 100 ob-
servations in p = 10 dimensions. The data were generated from a mul-
tivariate normal distribution with mean g = 0 and covariance matrix ¥ =
diag(10,9,7.5,5,...). The dots indicate eigenvalues that are negligibly small.
So the optimal PCA-space has dimension k& = 4. We have also generated 10%
outliers in the data.

To test the ROBPCA algorithm, we have generated a 100 x 500 data
matrix from a multivariate normal distribution with g = 0 and ¥ a diagonal
matrix with eigenvalues (10, 7.5, 5, 3,...) where the dots indicate again very
small numbers. Again 10% outliers were included in the data.

The resulting curves for MCD can be found in Figure 1(a). It took 4.25
seconds to run the approximate method versus 214.25 seconds for the naive
approach. The curves for the naive and approximate ROBPCA algorithm can
be found in Figure 1(b). Here the approximation only needed 23.9 seconds
versus 4251.5 seconds in case of the naive approach.

We see that both curves are close to each other (for MCD they are even
indistinguishable), whereas we made a huge reduction in the computation
time.

5 Examples

We illustrate the accuracy of the approximate methods by means of two
data sets. The MCD algorithm is tested on the Fish data [10]. This data set
consists of highly multicollinear spectra at p = 9 wavelengths. Measurements
are taken for n = 45 animals. For ROBPCA we use the Glass data, which
contain EPXMA spectra over p = 750 wavelengths collected on n = 180
different glass samples [9]. The naive and approximate R-PRESS curves are
shown in Figure 2 and are again very similar.

For the Fish data, it takes 2.84 seconds to run the approximate method,
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Figure 1: The naive and approximate R-PRESS curves for (a) the MCD
estimator and (b) the ROBPCA method.
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Figure 2: R-PRESS curves for (a) the fish data and for (b) the glass data.

while 70.52 seconds are needed for the naive one. Also for the Glass data set
the computation time of the approximate PRESS values (85.25 seconds) is
much more favorable than for the naive method which takes 9969.7 seconds.

6 Conclusions and outlook

The simulations and examples show us that the approximate techniques lead
to almost the same cross-validated R-PRESS curves as the naive ones, but
in a much faster way.

We have also constructed fast cross-validation methods for several regres-
sion estimators such as the LTS estimator [15], MCD-regression [13], the
robust PCR [7] and the robust PLS regression [6] method. They will be
described in a forthcoming paper.
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