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Abstract: A fast algorithm is presented for robust estimation of a linear model
with a distributed intercept. This is a regression model in which the data set
contains groups with the same slopes but different intercepts, a situation which
often occurs in economics. In each group, the algorithm first looks for outliers in
(x,y)-space by means of a robust projection method. Then a modified version
of the resampling technique is applied to the whole data set, in order to find
an approximation to least median of squares or other regression methods with a
positive breakdown point. Because of the preliminary projections, the number
of subsets may be drastically reduced. Simulations and examples show that the
overall computation time is substantially lower than that of the straightforward

algorithm. The method is illustrated with a real data set.
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1 Introduction
We consider the regression model

y = Bizy + Bexy + -+ By + fap1) + 6, (1.1)

where the regressors z4,...,x, take on real values and ¢ is normally distributed with mean
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0 and variance o°. In the usual linear model one puts x,11 = 1, hence f(x,41) = Bpi1 is
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the intercept term. In this paper, we will consider the more general situation where z,.; is
a categorical (or nominal) variable which can take on ¢ different values. Therefore f(x,11)
can also take on ¢ values, which we will denote by dy,...,4d,.

Equivalently, we can say that each of the n observations belongs to one of ¢ groups,
according to its value of x,4,. This relation is easily expressed by the introduction of dummy

variables. We can therefore rewrite (1.1) as the following model:

P q
yi:Zﬁjwij+Z(sk[ik+5ia 1= 1,...,n, (12)
7=1 k=1
where
I;x = 1 if case 1 belongs to group k
= 0 otherwise.
Thus all groups obey a linear structure, with the same slope parameters 3y,...,3,. On the

other hand, the intercept term §; (for k& = 1,...,q) differs between the groups. Therefore
we call (1.2) a linear model with a distributed intercept. In simple regression it describes
q parallel regression lines. In multiple regression, we will fit ¢ parallel hyperplanes. Note
that the usual linear model with a single intercept is still a particular case, with ¢ = 1.
One could also consider (1.2) as a linear model with p 4+ ¢ explanatory variables, but then
the continuous regressors and the dummies would be treated in the same way, which would
increase the computational effort for the robust algorithms considered in this paper.

The least squares method (LS) fits the model (1.2) in a nonrobust way. For instance, it is
possible to apply the standard calculations by processing the dummy variables in the same
manner as the continuous ones, as described by Draper and Smith (1981), Montgomery
and Peck (1982), and Chatterjee and Price (1977). We can also carry out an analysis of
covariance, which directly assumes 2,41 to be a categorical variable. We refer to Montgomery
(1991) and Edwards (1985) for more details.

Unfortunately, the least squares method is very sensitive to outliers. Even a small fraction
of contamination can influence the regression estimates. In our model, both outliers in
the y—direction and in the z—direction can occur. Our aim will be to estimate the p + ¢
coefficients 3y, ..., 3, and d1,...,d, in a robust way. Armstrong and Frome (1977) developed
a linear programming algorithm to obtain the least absolute value (L) estimate. This

approach is already more robust against outliers in the y—direction, but not against outliers
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in the z—direction which can still tilt the estimated hyperplanes. Rousseeuw and Wagner
(1994) proposed an algorithm to approximate the least median of squares (LMS) solution.
This algorithm can deal with vertical outliers as well as bad leverage points, but it consumes
a large amount of computation time. Here, we will focus on obtaining a faster method.

In the next section we will describe the proposed algorithm. Section 3 studies its be-

haviour on generated data, whereas Section 4 analyzes a real data set.

2 Description of the algorithm

The algorithm essentially consists of two parts. For each group, we first detect outliers in
(x,y)-space by means of a robust projection method. Then we apply an adapted version
of the resampling algorithm. The latter was originally devised for the single-intercept lin-
ear model (¢ = 1), where it is used for computing the least median of squares estimator
(Rousseeuw 1984) given by

miniTmize m_eldian r2(T), (2.1)

where r; stands for the regression residual.

Let us now consider both parts of the algorithm in turn.

2.1 Projection method

We will denote the different groups by Gy (for k& = 1,...,¢) with ny = |Gy|. The index
1 always runs through the whole data set, whereas j indexes the objects of one group.
An observation z; = (@1, T2j,...,Tps1j,Y;) 18 written as (x;,y;). Suppose now we are
investigating G'y.

Analogous to Donoho and Gasko (1992), we define the outlyingness of an observation

zj = (X;,y;) as:

4 = sup |2, vt = L(z1vh .oy 20, VY| (2.2)
v£0 S(zvi ooz, V)
where L(z1v', ..., 2, V') and S(z1v',..., 2, V') are the univariate least median of squares

(LMS) location and scale estimators applied to the projections of the data on the direction
v. These robust estimators correspond with the midpoint and the length of the shortest half
(see Rousseeuw and Leroy 1987). Note that (2.2) measures the outlyingness of the points

z; relative to the group G. From a computational point of view, is it necessary to restrict



ourselves to a finite set of directions v. Rousseeuw and van Zomeren (1990) propose to take
all

VIZXI—M forlzl,...,nk,

where M is the coordinatewise median of the data (here, of the group Gi,). The corresponding
u; are then easy to compute. Note that these u; are no longer affine invariant (because we
do not consider all vectors v), but they are still invariant for permutations of the data, as
well as translations and scalar factors.

We calculate the u; in the (p + 1)—dimensional space (x,y) and not only in the space of
the explanatory variables. The latter is done by Rousseeuw and van Zomeren (1991) before
they apply Ly regression, which works well because the L; method is rather resistant against
vertical outliers. But our purpose here is to indicate all possible outliers in order to speed
up the second stage of our algorithm, which is based on subsets consisting of clean data.

Having the collection {u;,j = 1,...,nx}, we will select a set Py of points with relatively
small u;. There exists a tradeoff between the dangers of selecting too many points (some of

which may be outlying) or too few points. Here, our strategy will be to select approximately

2nk

=3* points, as described in the next subsection.

2.2 Resampling method

In each group G we will select points with small u;. The complete algorithm is organized

as follows.
For k=1,...,q do:

Step 1. Consider the k-th group G}, and check whether it contains at least [%(p + 1)1 data
points. (Otherwise skip this value of k).

Step 2. Carry out the projection method on (G as described in Section 2.1. Then compute
the order statistic wu of {1, ... up,, } where h = {Q”Tk} Select the set Py consisting of all
points (x;,y,) in G for which

uj < Upy-



Step 3. Repeat nrep(k) times:
e Draw a subset of p 4 1 points from Pg. (This is possible by Step 1.)

e Compute the hyperplane formed by this (p + 1)-subset. A linear system has to be

solved, which results in the slopes Bl, . ,Bp and an intercept term.

e For each group a separate intercept is obtained. First calculate the values d; = y; —
Biwg —- - — Bpxip fori=1,...,n. For each group G; (where [ =1,...,¢q) then apply
a robust location estimator to those d; belonging to (¢;, yielding an intercept denoted

by Sl.

e For each point 7, compute the residual r; = y; — leﬂ —— = Bpxip - 51 where 51 is the
intercept of its group. From the entire collection of residuals {r;;i = 1,...,n} we then
obtain the objective function

median r} (2.3)

i=1,...,n

Enddo k=1,...,q.

N

Step 4. Report the estimate (Bl, e ,Bp, biy. ., d,) with the smallest objective function (2.3).

This resampling algorithm is related to that in Rousseeuw and Wagner (1994), but now
the (p+ 1)—subsets are drawn from Py and not from the whole group G. The advantage is
that nrep(k), the number of replications, may be taken quite small. On the other hand, the
intial projections do not need much computation time.

Once the above algorithm has been carried out, it remains possible to assign weights
to the observations based on their LMS residuals, and then to perform a reweighted least
squares analysis.

In the next section we will give more information about nrep(k), illustrate the method

on a generated data set, and compare it with the earlier algorithm.



Table 1: Number m of subsamples used in PROGROUP for method 1 and 2

Method 1 Method 2

P m for m
1 1000 n > 50 250
2 1500 n > 22 375
3 2000 n > 17 500
4 2500 n > 15 625
5 3000 n > 14 750
6 3500 alln 875
7 4000  all n 1000
8 4500  all n 1125
9 5000 all n 1250
10 5500  all n 1375
> 11 6000 all n 1500

3 Simulation results

We have written a Fortran program named PROGROUP, an abbreviation which stands for
Program for RObust reGression on gROups Using Projections. It is a revised and extended
version of the program PROGRESS (Rousseeuw and Leroy 1987) for robust multiple regres-
sion. PROGROUP fits a distributed intercept model (1.2) by means of the algorithm of
Rousseeuw and Wagner (method 1), and by means of our new algorithm with the prelimi-
nary projections (method 2). (For completeness, the program also provides a third method
in which the slopes as well as the intercepts may vary between the groups. This method
corresponds to carrying out a robust regression in each group, but its computation is much
faster than with PROGRESS.)

The number of subsamples used by method 1 is the same as in PROGRESS. It was
chosen such that the probability of drawing at least one good subsample is near 1. (A
"good” subsample consists only of uncontaminated points.) The first column of Table 1
shows this number m for the different values of p. For smaller values of n we draw all
subsets, hence m equals CP*!,

The next column of Table 1 lists the number used in the second method. Our simulations



have indicated that it is sufficient to consider about one fourth of the original number, since
then the objective function value is close to that of method 1.

For each group G we compute nrep(k) accordingly, by

n

nrep(k) = [m;k] )

For p <5 and small nj we also compute the number of all possible (p + 1)—subsets of Pj.
If this is less than nrep(k), we of course consider all these combinations. (Note that the
original PROGRESS contains a "quick” option using a different number of subsamples. The

corresponding "quick” option in PROGROUP again takes one fourth of those numbers.)
To illustrate the effectiveness of the new algorithm we will first apply it to a generated

data set. We constructed 4 groups of 100 points each, following the model

4
yi=ain+rotast+ y, olinte, i=1,...,400 (3.1)
k=1

where

v, ~ N(0,10) i=1,...,400; j =1,2,3
ei ~ N(0,1) i=1,...,400
5, = 10,20,30 or 40.

This means that we are dealing with 3 continuous factors and 4 groups, with intercept
parameters 10, 20,30 and 40. The slope parameters of the hyperplanes are equal to 1. We
then included contaminated points by replacing 20% of the x;; by ;7 ~ N (100, 10), yielding
bad leverage points.

Table 2 shows the parameter estimates given by both methods. The number of subsam-
ples used, the objective function and the computation time on a Sun workstation and on
a 486-PC are also given. The latter are measured in seconds and represent the processing
time needed for calculating the coefficients (without drawing the residual plots).

Both methods provide accurate estimates. A complete output shows that they find the
same outliers and have simular residual plots. As expected, we see that the new algorithm
is executed about four times faster. The actual ratio was 3.5, due to some input/output
operations which both algorithms have in common. Because the objective function values
are comparable too, we thus may conclude that the new algorithm performs as well as the

slower one.



Table 2: Results of PROGROUP on a generated data set

Method 1 Method 2

(without proj.) (with proj.)

B 1.015 0.986

By 0.995 0.976

Bs 0.983 0.995

5y 9.919 9.893

5 20.342 20.076

b5 30.128 30.039

b4 40.111 40.292

# subsamples 2000 500
obj. function 1.309 1.307
time (Sun) 19.9 sec. 5.7 sec.
time (PC) 147 sec. 43 sec.

Simular results were obtained in other simulation experiments where 20% of vertical
outliers were generated (as in Rousseeuw and Leroy 1987, page 209), and for other choices

of p and q¢.

4 Case study

In econometrics, Mincer (1974) has introduced the so-called earnings function which corre-

sponds to the model
In(y) = Bis + Bre + Bze* + 5 + ¢, (4.1)

where y = personal income, s = years of schooling, and e = years of experience. As it
stands, (4.1) is a linear model with a single intercept, but it is now generally assumed that
the intercept may vary substantially across sectors (that is, in different industries). For a
recent study, see Wagner (1990).

Our data set consists of 296 observations (=persons) belonging to 7 different sectors in
Switzerland. (This data set originated from a social survey in 1987 and was analyzed by

Rousseeuw and Wagner (1994) with the earlier algorithm, which makes it a good basis of



Table 3: List of sectors

k Sector
1 high-tech manufacturing
2 other manufacturing industries
3 building and construction
4 wholesale and retail trade
) transportation and communication
6 banking and insurance
7 other services
comparison.) We want to estimate the parameters (3y,..., 33, d1,...,d7 of the model
7
In(yi) = Prsi + Paei + Bsei + Y Sl +e; (i =1,...,296) (4.2)

k=1
with [;;, = 1 if person ¢ works in sector k. Table 3 specifies the sectors.

We first looked at the distributions of the individual variables, and searched for mul-
ticollinearity between the predictor variables. Scatterplots and correlation coefficients did
not turn up a linear relationship between any two of them. (Of course, we know that xs
and x3 are quadratically related.) We also considered a rotating point cloud graphic of the
three regressors, which only gave an indication about the connection between x5 and x3, so
multicollinearity does not seem to be a problem here.

Table 4 lists the results of both algorithms on this data set. We see that the objective
function values are again close to each other, and that the execution time is reduced about
3.5 times. The coefficients differ slightly, but they all have the same sign and magnitude.
Let us also look at the relative ranks of the intercepts, shown in separate columns. Only the
groups with ranks 1 and 3 are interchanged, but the other ranks remain. We may conclude
that sectors 1, 2, 5 and 6 pay the best salaries, while sectors 3, 4 and 7 score less.

A gaussian ) — @ plot (Figure 1) confirms that the residuals are roughly normally
distributed. Only a small number of outliers causes the distribution to be heavier-tailed.

Therefore, the normality assumption holds for a majority of the residuals.



Table 4: Regression results on wage differences in Switzerland

Method 1 Method 2
estimate rank estimate rank
3 0.08561 0.05484
By 0.04778 0.05242
B3y -0.00070 -0.00081
5y 6.72751 4 6.99306 4
5 6.80748 6 7.02210 6
& 6.56816 2 6.91435 2
b4 6.62184 3 6.87065 1
b 6.77848 5 7.00435 5
5 7.05075 7 7.32903 7
br 6.55178 1 6.92371 3
# subsamples 2000 497
obj. function 0.288 0.293
time (Sun) 15.2 sec 4.4 sec
time (PC) 111 sec 30 sec
~ O

LMS residuals

L L L L L L L L L L L
-3 -2 =1 0 1 2 3

gaussian quantiles

Figure 1: Gaussian ) — () plot of the residuals
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Note

The Fortran source code of PROGROUP is available from the authors, at the email addresses

hubert@wins.ula.ac.be and rousse@wins.uia.ac.be.
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