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1 Introduction

In the classical linear regression model

p
yi:00+29jx¢j+ei where ¢; ~ N(0,07%), i=1,...,n (1.1)
j=1

the explanatory variables z;; are often quantitative. We now consider a model in which
also qualitative variables are included. This situation often occurs in the social and eco-
nomical sciences, where the explanatory variables may include gender, ethnic background,
professional occupation, marital status and so on.

The usual convention is to encode such categorical regressors by binary dummy variables.

If we have m categorical variables with ¢q,..., ¢, levels, we can write
P q
yi = 60 + Z ijz-j + Z vl + €; (1.2)
j=1 =1

where each I;; is either 0 or 1, and where ¢ = >}, (¢, — 1) since coding a categorical variable
with ¢ levels is done with ¢ — 1 dummy variables. Actually, (1.2) is more general because the
binary variables do not have to be the result of encoding categorical variables, hence other
situations with dummy variables are covered also.

To fix ideas, let us consider a situation with two categorical variables (m = 2) as is often

encountered in practice. Model (1.2) can then be written as

c1—1 co—1

p
Yi =00+ > 0z + > aplip+ > BiJu+e. (1.3)
=1 k=1 =1

The observations thus correspond to cell entries in a two-way table with ¢; rows and ¢
columns. The slope parameters are constant over all cells, but the intercept is not.

For an arbitrary value of m we obtain an m—way table. We will allow the number of
observations to vary between cells. Also empty cells may occur, although an entirely empty
cross-section is not permitted. (A cross-section consists of all the observations belonging to a
fixed level of any categorical variable.) In the latter case the empty level should be removed,
since its coefficient is not estimable from the data.

In general, our aim is to construct a robust estimator of the parameters 6; and v; in
(1.2). The least squares method (LS) fits the model (1.2) in a nonrobust way, by applying

the standard calculations with p + ¢ regressors. It treats the dummies in the same way as



the continuous regressors (see, e.g., Draper and Smith (1981) and Hardy (1993)). However,
it is well-known that the LS method is very sensitive to outliers.

The least absolute values (L;) method as implemented by Armstrong and Frome (1977)
is robust against outliers in the y—direction, but does not protect against points of which
(@i1, ..., Tip) is outlying. Such observations will be called leverage points.

A frequently used method of robust regression is M —estimation (also LS and L; belong
to this class). This approach can also be applied to the model (1.2), as done by Birch and
Myers (1982) for the case of one categorical variable. One then has to solve a system of
p-+q+1 implicit equations, e.g. using an iteratively reweighted least squares algorithm. But
M-estimators are still vulnerable to leverage points.

Therefore it seems natural to try to extend regression methods that can withstand a
positive percentage of contamination, including leverage points. Typical examples are the
least median of squares (LMS) estimator and the least trimmed squares (LTS) estimator
(Rousseeuw 1984), and the class of S-estimators (Rousseeuw and Yohai 1984). However, we
cannot simply run these estimators on (1.2) by treating the dummy variables in the same
way as the continuous regressors, since this would lead to a problem of singular matrices.
The typical algorithm for LMS regression in the model (1.1) starts by drawing a subset of
p + 1 observations. Then the hyperplane through these p + 1 points is obtained, and the
corresponding objective function computed. This procedure is repeated often, and the best
fit is kept. But in the case of p + ¢ regressors of which ¢ are binary variables, the large
majority of (p + ¢+ 1)—subsets will be of less than full rank, hence the hyperplanes cannot
be computed. The algorithm of Stromberg (1993) faces the same problem.

In the next section we will describe the proposed estimator. Section 3 studies the special
case when there are two categorical variables in the model. A real example is worked out in

Section 4. Finally, the Appendix provides S-PLUS code for the proposed algorithm.

2 Description of the estimator RDL,

In this section we describe a new method for the general model (1.2). It consists of three
stages. In the first stage we identify leverage points, and in the second stage these are
downweighted when estimating the parameters. The final step estimates the residual scale.

In the first stage we look for leverage points, i.e. outliers in the set X =



{x1,...,X;,...,X,} where the components of x; = (z;1,...,;,) are the continuous regres-
sors. Therefore X is a data set in p dimensions. To these data we apply the minimum
volume ellipsoid estimator (MVE) introduced in (Rousseeuw 1985). It consists of a robust
location estimator T'(X) defined as the center of the smallest ellipsoid containing half of X,
as well as a scatter matrix C(X) given by the shape of that ellipsoid. One can then compute

the robust distances defined as

RD(x;) = /(x; — T(X))C(X) ' (x; — T(X))’ (2.1)

(Rousseeuw and Leroy 1987, pp. 265-269). If the x; are observational (rather than designed)
with a multivariate gaussian distribution, 7'(X) and C(X) are consistent for the underlying
parameters (Davies 1992). For large n the (RD(x;))* would thus be roughly x> distributed.
Consequently, observations for which RD(x;) is unusually large relative to that distribution
can be identified as leverage points.

Based on the robust distances RD(x;), we compute strictly positive weights w; by

. p
fori =1,...,n. (The numerator p in (2.2) is the expected value of the chi-square distribution

X,Q, mentioned above.) By using strictly positive weights w; no observations are entirely left
out, thus no extra empty cells are created.

In the second step, the parameters (8, ) of the model (1.2) are estimated by a weighted
L, procedure .

minimize Y w;|r;(0, )| (2.3)
0~y =

applied to the observations (y;, 1,2z, ..., Zip, Li1, ..., Lig). The solution (9,’3/) can e.g. be

found using the least absolute values algorithm of Barrodale and Roberts (1973), who do

not make a distinction between the continuous and discrete variables. Armstrong and Frome

(1977) developed a faster L; algorithm which treats the two types of variables separately.
In the third and last step, the scale of the residuals is estimated by

6 = 1.4826 median |r;| (2.4)

where the constant 1.4826 makes the estimator consistent at gaussian errors.
The entire three-stage procedure using (2.1) to (2.4) will be called the RDL; estimator

A

because it uses Robust Distances and L; regression. The robust estimate (6,4, 5) can now
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be used to detect regression outliers, by flagging the observations whose absolute standard-
ized residual |r; /6| exceeds 2.5. The finite-sample efficiency of the estimators can then be
increased by applying reweighted least squares to the data set, with weights depending on
|r;/&]. This also makes approximate inference available.

The finite-sample breakdown value € of an estimator (Donoho and Huber, 1983) mea-
sures the maximum percentage of observations that can be replaced while leaving the esti-
mate bounded. By construction, the estimator RDL, protects against leverage points by
giving them small weights, whereas vertical outliers have only a small effect on the L, stage.
However, an exact formula of the breakdown value of the RDL; procedure seems hard to
find. At any rate, if the binary variables form an m—way table where each cell contains

exactly one observation, we have the upper bound

m—1
. 1+ H () .
* < =1 ~ 2.5
IIe

on the breakdown value of any regression equivariant estimator. Here, ¢(;) denotes the j-th
smallest level among the m categorical variables. The upper bound (2.5) can be explained
as follows. In the model (1.2), denote by r the rank of the set of binary vectors {I; =
(L1, ..., 1ig);1 <i < n}. Then the breakdown value of any regression equivariant estimator
of (69,71, .-.,7,) is bounded above by (see, e.g., Mili and Coakley 1996)

n—N+1]
2 )

1
- 2.6
. (26)
where n denotes the number of observations and N is the maximum number of points I,
which lie in an (r — 1) dimensional plane. Here, the points I; determine an m-way table

with ¢y ...¢,, levels. Since the complement of any cross-section of this table determines a

hyperplane, N equals

n — minimum number of observations in a cross-section.

m m m—1

If all cells contain one observation, we have n = H cj and N = H cj — H c(j)- Inserting
J=1 j=1 j=1

these expressions in (2.6) leads directly to the upper bound (2.5).



Computational aspects

Our estimator RDL; can easily be implemented in S-PLUS (1993), because both the MVE
and the L; estimator are built-in functions. The MVE estimates are obtained from the
function cov.mve which uses a genetic algorithm. A special case of this algorithm, obtained
by setting popsize=1, births.n=0 and maxslen=p+ 1, corresponds to the original resampling
algorithm proposed by Rousseeuw and Leroy (1987, page 259-260). The L; computation in
the S-PLUS function /1fit is based on the algorithm of Barrodale and Roberts (1973). Note
that the weighted least absolute values problem on a data set (x;,¥;) can be reduced to the

least absolute values problem on the set (X;,7;) obtained by the transformation

X, = WiX and Yi = WiYi-

The S-PLUS code of the whole RDL; procedure is given in the appendix.
Alternatively, one can make use of the Fortran library ROBETH (Marazzi 1993), which

also includes procedures for the MVE and L; estimators.

3 The two-way layout

In this section we will focus on the case of two categorical variables (m = 2). For this we
shall use the notation of (1.3).

In many two-way applications there is only a single observation per cell. This observation
is often already a summary of actual data values, which are not available to the statistician.
We then have to estimate p + ¢; + ¢o — 1 parameters from only ¢ico data points. This is
quite different from the one-way layout (m = 1), which assumes several observations for
each level of the categorical variable. In that case we can estimate the parameters by least
median of squares regression using a modified resampling algorithm, as described in Hubert
and Rousseeuw (1996). We already pointed out in Section 1 why such an algorithm does
not work well for more than one categorical variable.

For the two-way layout we also developed an alternative estimator, denoted as POL;. The
POL; method is also a new proposal, but we do not recommend it because its convergence
is not guaranteed. Therefore, we will only use it to compare the RDL; method with.

The POL; algorithm is defined by an iterative procedure which makes use of the two-

way structure of the intercepts. In fact, the response y; is on the one hand explained by



the quantitative variables, and on the other hand by two qualitative variables. The former
dependence can be analyzed by means of a linear model, and the latter by means of a two-way
table. The POL; method carries out both steps alternatingly.

The skeleton of the POL, algorithm is as follows:

1. Initialize the residuals as r; < ;.

2. Using only the continuous regressors, apply a robust regression estimator on the (x;,7;),

yleldlng (ég, él, ey ép) Put r; < r; — é(] — Z]’ éjl‘i]’.

3. Using only the categorical variables, apply a robust technique for estimating the effects
in a two-way table, here formed by the residuals obtained in step 2. Having the

estimated effects (6g, &y, ..., Ge;—1, 01, -, Bey—1), form new residuals r; < r; — 6y —

Sy b lix — 3 B

4. Repeat steps 2 and 3 until convergence. The final estimates
(ég, él, cen ép, a1,y Oy 1, Bl, cee 302,1) are taken as the sum of the estimates calcu-

lated in the iterations.

We did not yet specify the robust estimators in steps 2 and 3. For the two-way table in
step 3 we can use the median polish procedure of Tukey (1977). This is an iterative method
where the estimates are obtained by subtracting row medians from the current cell entries,
then subtracting column medians, and so on. This process is repeated until all rows and
columns have zero median. In practice, a few iterations are usually sufficient. The median
polish method can be seen as an approximation to the least absolute values estimate for a
two-way table. A detailed account was given by Hoaglin, Mosteller and Tukey (1983). The
median polish method is easy to implement, and is incorporated in S-PLUS.

In step 2 of the POL; algorithm we carry out an L, regression on the observations whose
robust distances RD(x;) do not exceed \/m. This is a fast robust method, described in
Rousseeuw and Van Zomeren (1992). Note that the RD(x;) need not be calculated at each
POL, iteration step, as the explanatory variables x; remain the same. The median polish
in step 3 is applied to the same observations with RD(x;) < \/m. The abbreviation
POL; of the overall method stems from the combination of median POlish and L;.

The POL; iterations are stopped if the norm of the new slope estimate 0 in step 2 is

less than a given precision, which in our program was set to 1075, We carried out several



Table 1: Real data set with four continuous and two categorical regressors
period 1 period 2 period 3
region | PA GPA HS GHS v PA GPA HS GHS v PA GPA HS GHS y
1 46.84 -2.60 1.68 0.20  0.97 | 44.24 3.80 1.88  0.13  8.47 | 48.04 -4.03 2.01  0.40  3.72
2 35.54 -1.42 1.67 0.63  2.14 | 3412 -3.33 2.30 1.04 276 | 30.79 -3.10 3.34  0.25  9.29
3 28.42 -1.48 1.71 012  6.13 | 26.94 -1.71 1.83 1.28 24.08 | 25.23 -4.20 3.11  0.88 25.59
4 32.54 451 1.37 032  7.36 | 28.03 -0.89 1.69 0.35 13.97 | 27.14 -2.45 2.04 1.95 27.41
5 28.92 -0.88 2.14 -0.08  3.63 | 28.04 -1.47 2.06 -0.81  0.63 | 26.57 1.31 1.25  0.67 18.32
6 36.61 -1.39 3.00 045 -4.30 | 35.22 -2.87 345 0.59 -1.99 | 32.35 -1.25 4.04 0.23 11.20
7 3471 -222 294 027 206 | 32.49 -1.89 321 1.88 13.10 | 30.60 -3.21 5.09 -0.17 21.95
8 24.32  -5.11 3.57 -0.55 -18.64 | 19.21  0.36 3.02 2.98 15.42 | 19.57 2.48 6.00 2.27 33.03
9 35.15 -0.16 3.27 0.03 515 | 34.99 -4.95 3.30 0.68 19.65 | 30.04 -0.79 3.98  0.55 22.02
10 | 34.06 -3.86 274 0.19  6.88 | 30.20 -3.02 293 048 845 | 27.18 -1.14 3.41  0.28 13.68
11 | 37.94 -4.61 207 038 -1.24 | 33.33  0.06 245 0.24  9.04 | 33.390 -0.42 2.69 -0.18 11.24
12 | 35.88 -2.17 1.57 -0.11  -1.31 | 33.71 -4.67 1.46 2.59  9.47 | 29.04 1.40 4.05 -0.05 15.06
13 | 31.28 -1.90 2.74 -0.57  1.73 | 290.38 -2.74 217  0.07 24.18 | 26.64 1.04 2.24 0.12 10.73
14 | 3361 202 192 032 044 | 3563 -0.51 224 0.62 9.09 | 35.12 -0.81 2.86 0.25  1.53
15 | 33.86 075 0.86 046 -15.53 | 34.61 -5.36 1.32 0.61 -1.89 | 29.25 -2.56 1.93  0.30 11.37
16 | 43.24 -4.41 182 052 -10.99 | 38.83 -6.83 2.34 0.71 14.62 | 32.00 1.68 3.05 0.78 -0.07
17 | 42.65 -2.28 152 -0.17  0.60 | 40.37 -3.94 1.35 0.45 -0.44 | 36.43 1.00 1.80 0.37 14.17
18 | 3719 -2.75 2.39 040  3.71 | 3444 137 279 127 17.84 | 35.81 -2.29 4.06 0.18  8.05
19 | 49.70 486 1.16 0.09 -2.38 | 44.84 -7.70 125 0.80 10.95 | 37.14 1.59 2.05  0.82 15.96
20 | 41.96 459 2.00 -0.12 -1.35 | 37.37 -5.87 1.88 0.80 -1.55 | 31.50 0.70 2.68 -0.17  9.91
21 | 28.86 -2.11 517 0.46  -1.08 | 26.75 -1.83 5.63 1.35 -1.66 | 24.92 -0.14 6.98 0.59  6.94

simulations (with one observation per cell) to investigate the algorithm. It converged in

most cases, but sometimes diverged. Therefore, we do not recommend the POL; method in

practice. We will compare it with the RDL; in the example below.

4 Example

To illustrate the RDL; method we consider an economics data set (Table 1) from Wagner

(1994). He investigates the rate of employment growth (variable y) as a function of the

percentage of people engaged in production activities (variable PA) and higher services

(variable HS), and of the growth of these percentages (variables GPA and GHS). The response

also depends on the geographical region and the time period. The data set considers 21

regions around Hannover, and three time periods: 1979-1982, 1983-1988, and 1989-1992.

The model thus contains 4 continuous and 2 categorical regressors. For each cell there is

only one data point available, so the total number of observations equals 63.



Table 2: Weights and standardized residuals

period 1 period 2 period 3
region w; LS POL4 RDIL4 w; LS POL, RDL, w; LS POL4 RDIL1
1 .70 .18 .13 0.0 | .23 41 0.0 2.7 | .63 -.59 -.63 -1.6
2 1.0 .83 .32 3.5 | 1.0 -.69 -.62 00| 1.0 -.14 0.0 0.0
3 1.0 -.38 -1.4 0.0 | .43 .54 2.0 3.2 | .53 -.16 1.4 A1
4 91 12 .07 0.0 | 1.0 -.08 -.07 0.0 | .18 -.04 1.6 .90
5 1.0 -.32 -.97 0.0 | .25 -.69 -1.8 -2.3 | .56 1.0 1.0 2.6
6 1.0 .03 0.0 0.0 | 1.0 -.80 -.20 -2.2 | 1.0 77 2.0 .90
7 1.0 .01 -1.5 0.0 | .18 -.80 -.75 =21 | 41 .79 1.5 1.7
8 21 -1.2 - 0.0 | .06 .18 - 7.3 | .07 1.1 - 13.0
9 1.0 -.51 -2.1 0.0 | 1.0 .57 1.9 14 | 1.0 -.06 0.0 0.0
10 1.0 .65 1.1 29 | 1.0 -43 0.0 -.04 | 1.0 -.22 -.22 0.0
11 1.0 -.45 -.81 -1.9 | 1.0 .04 0.0 0.0 | 1.0 A1 .01 0.0
12 1.0 .79 -.09 0.0 | .10 -.79 .53 -2.4 | .80 0.0 0.1 0.0
13 500 -.90 0.0 0.0 | 1.0 1.8 5.7 54 | 1.0 -.90 -.28 -.67
14 .93 .29 0.0 0.0 | 1.0 .66 2.1 1.5 | 1.0 -.94 -1.1 -2.7
15 78 -1.2 -4.3 -1.3 | .93  -.06 0.0 0.0 | 1.0 1.3 1.7 2.2
16 1.0 -.48 0.0 0.0 | .83 2.1 6.4 4.4 | 62 -1.6 -1.7 -2.8
17 .82 42 0.0 0.0 | 1.0 -.97 -1.2 -4.2 | 1.0 .55 AT .01
18 1.0 .39 71 0.0 | .29 .61 2.1 3.0 | 1.0 -1.0 =71 -2.0
19 49 -.07 -.07 94 | .50 .38 2.7 0.0 | .49 -.31 0.0 0.0
20 .92 .68 77 1.9 | 1.0 -1.1 -.78 -3.4 | 1.0 .39 0.0 0.0
21 AT 1.2 .64 0.0 | .18 -.93 -1.5 -3.8 | .16 -.25 -.64 -1.9




Table 2 lists the weights w; defined by (2.2), and the standardized residuals obtained
by the LS, POL; and RDL; estimators. The residuals were divided by the classical scale
estimate 6 = \/(n —p—q—1)""¥7r? for LS, and by (2.4) for the robust methods.

The least squares residuals do not reveal any outlier. This is also seen in Figure 1 which
plots the standardized residuals r;/&, none of which exceeds 2.5 in absolute value. On the
other hand, both robust methods indicate the presence of outliers. The large residuals are
boldfaced in Table 2, and lie outside their tolerance band in Figure 1.

The RDL, method detects several outliers, whereas the iterative algorithm POL; finds
only three (we do not consider residuals near the tolerance band to be outliers). A disadvan-
tage of the POL; method is that it can create empty cross-sections, so that certain estimates
and residuals are undefined. Here, this happens for region 8 (Laatzen). This problem can-
not occur with the RD L, method. Note that the most extreme residuals obtained by RDL,
correspond with the same region 8, in time periods 2 and 3. In Figure 1, we see that the
residual plot of RD L is more informative than that of POL;, which is still quite similar in
shape to the classical LS plot.

Based on the properties of both robust methods, as illustrated in this example, we
strongly recommend the RDL; method in practice. It is easier to implement than POL;,
runs faster, always converges, does not create empty cells, and in our experience yields more
robust results.

A minor artefact of the RDL; plot in Figure 1 are the zero residuals produced by the
L, fit. If one wants to remove this effect, a simple and effective way is to append a fourth
step to the RDL; algorithm. This final step computes a reweighted least squares (RLS) fit,
in which the weight v; of each observation depends on its RDL; residual |r;/5|. For the
example, the RLS fit is shown in the lower portion of Figure 1. In general, computing an
RLS fit starting from a robust initial estimate tends to increase the finite-sample efficiency
(see the simulations in Rousseeuw and Leroy 1987, pp. 208-214). Moreover, the RLS yields
the usual inferential output such as t-statistics and F-statistics. Note that the corresponding
p-values are approximative, since they assume that the weights v; have correctly identified

the cases generated by the model (1.2).
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Figure 1: Index plots of the standardized residuals produced by least squares (LS), the
POL; method, the RDL; method, and reweighted least squares (RLS) based on the RDL,

results.
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5 Appendix

Below is an S-PLUS implementation of the proposed estimator RDLq. It is very short
because both the MVE estimator and L, fitting are intrinsic in S-PLUS. (Note that the
current version of the function cov.mwve cannot handle the univariate case p = 1, hence
the code below computes the sample median and the mad in that case, yielding the robust

distance RD(z;) = (z; — median; z;)/(mad; z,) instead.)

rdll.s <- function(x, xdum, y)

The function RDL1 calculates a weighted Ll-estimator of y on (x, xdum)
with weights w = min(1, p/(RD"2)) where RD contains the robust distances
obtained by applying the MVE estimator to x.

input: x : continuous regressors

xdum : dummy (binary) regressors

H O H O H O H OH H A

y : response variable
set.seed(4)
x <- as.matrix(x)
xdum <- as.matrix(xdum)
y <- as.vector(y)
p <- ncol(x)
n <- nrow(x)
xconstant <- as.matrix(rep(1l,n)) # for intercept
if(p == 1) {
rob <- list(center = 0, cov = 1)
rob$center <- median(x)
rob$cov <- mad(x) "2
}
else rob <- cov.mve(x, print.it = F)
robdist2 <- mahalanobis(x, rob$center, rob$cov)
weight <- p/robdist2
weight <- apply(cbind(1, weight), 1, min)

estim <- 1l1fit(weight * cbind(xconstant, x, xdum), weight * y,

11



intercept = F)
res <- estim$res/weight
scale <- 1.4826 * median(abs(res))
st.res <- res/scale
list(coef = estim$coef, weight = weight, res = res, scale = scale,

st.res = st.res)
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