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Abstract

The presence of multicollinearity in regression data is no exception in real life ex-
amples. Instead of applying ordinary regression methods, biased regression techniques
such as Principal Component Regression and Ridge Regression have been developed to
cope with such data sets. In this paper we consider Partial Least Squares (PLS) regres-
sion by means of the SIMPLS algorithm. Because the SIMPLS algorithm is based on
the empirical variance-covariance matrix of the data and on least squares regression,
outliers have a damaging effect on the estimates. To reduce this pernicious effect of
outliers, we propose to replace the empirical variance-covariance matrix in SIMPLS by
a robust covariance estimator. We derive the influence function of the resulting PLS
weight vectors and the regression estimates, and conclude that they will be bounded if
the robust covariance estimator has a bounded influence function. Also the breakdown
value is inherited from the robust estimator. We illustrate the results using the MCD
estimator and the reweighted MCD estimator (RMCD) for low-dimensional data sets.

Also some empirical properties are provided for a high-dimensional data set.
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1 Introduction

Partial Least Squares Regression (PLSR) is the most commonly used regression technique
in the field of chemometrics. It is used to link two sets of variables to each other by means
of a linear model. The first set of variables contains the p regressors or predictor variables,
which are usually denoted by X1, X, ..., X,. The second set consists of ¢ response variables
Y1,Y,, ..., Y,. Weassume that the regressors are more numerous than the number of response
variables, thus p > ¢, as is generally the case in practice. The theory developed in this paper
would also be valid if p < ¢ but then we would need to adapt a change in the notations. The
PLSR model assumes that we have sampled n independent observations z; = (x;,y;) with

r;, = (ﬁil, Ti2y - ;Iip)/ and Yy, = (yila Yiz,y - - pyiq), from the linear model
y; = Bo+ Bz +e (1)

with i.i.d. errors satisfying E(e;) = 0 and Cov(e;) = .. The intercept vector is denoted by
Bo whereas the (p x q) slope matrix is represented by B. Note that we print column vectors
in bold and matrices are denoted by capital letters. The transpose of a vector or a matrix
is indicated by '.

Estimates for the unknown parameters 3y, B and ¥, in model (1) can be obtained via
classical multiple linear regression (MLR) which minimizes the sum of the squared residuals.
However, when the regressors are highly correlated, it is well-known that MLR gives rise
to high variances. This problem is for example very prominent at high-dimensional data
sets, where the number of regressors p largely exceeds the number of observations n. This
typically occurs in multivariate calibration where the x-variables represent the absorbance
or reflectance of light intensities of several samples at hundreds of wavelengths. Therefore
biased regression techniques such as PLSR have been proposed.

PLSR can be seen as an extension of MLR. Instead of applying MLR to the full set of
regressors, k < p latent uncorrelated variables 17,75, ..., T} are iteratively extracted from
the data. These components then serve as the regressors in the reduced linear regression
model with as response variables the original Y;. Finally, backtransformation of the resulting
estimates yields parameter estimates for the full model (1). Note that the optimal number
of components k = k,,, is typically determined by minimizing the Root Mean Squared Error
of Prediction (RMSEP) or its cross-validated variant.

Several algorithms have been proposed to perform PLSR [1]. We consider here the SIM-
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PLS algorithm [2] because it is computationally attractive, it applies to ¢ > 1 and it coincides
with the famous PLS1 for ¢ = 1. In SIMPLS the components are derived by maximizing a
covariance criterion which depends on some SIMPLS weight vectors. Because the construc-
tion of these SIMPLS weight vectors is based on the empirical variance-covariance matrix of
the joint regressors and responses, outlying samples will have a pernicious influence on these
vectors. We illustrate this effect by showing that the influence functions of these SIMPLS
weight vectors and the regression estimates are unbounded. The influence function is a tool
to measure the damage a single observation can cause to the estimates [3].

In this paper, we propose to replace the empirical variance-covariance matrix in the SIM-
PLS algorithm by a robust covariance matrix with bounded influence function. The influence
functions of the resulting PLS weight vectors and the regression estimates then appear to
be bounded as well. In particular, we can use the MCD estimator [4], the reweighted MCD
estimator [5], S-estimators [6], ... in low-dimensional settings, i.e. when n > 2(p + ¢q). We
also show that this robust method inherits the breakdown value [7], which is a more global
measure of robustness, of the robust covariance estimator.

For high-dimensional data sets, we can apply another robust PLS regression method
(RSIMPLS) which has recently been developed [8]. It relies on a robust covariance estimator
for situations where the number of observations may be much smaller than the number of
regressors p [9]. We show some empirical results to demonstrate the robustness of this
approach.

In Section 2 we describe in detail how the weight vectors and the regression estimates B
and 3, are obtained in the SIMPLS algorithm [2] and we also introduce the robustification
of this method. Section 3 presents the results of the influence functions of the PLS weight
vectors and the regression estimates for low-dimensional data. Several graphical displays
illustrate the non-robustness of the classical approach and the bounded influence functions
obtained with the robust methods. We also derive the breakdown point of the proposed
robust SIMPLS method. In Section 4 we describe some empirical properties of the robust
PLS method developed in [8] for high-dimensional data. Section 5 contains some concluding

remarks. Finally, most of the theoretical results and proofs are provided in the Appendix.



2 The algorithms

2.1 The SIMPLS algorithm

In the SIMPLS algorithm [2] k latent variables T, T, ..., T} are constructed in an iterative
way by maximizing a covariance criterion. These k latent variables depend on the SIMPLS
weight vectors 7, and g, (for a = 1,... k) that are obtained as the vectors that maximize

the covariance between x- and y-components

cov(Xra, ?qa) = T Seyda (2)

max ma;
Irall=1,llgall=1 Irall=1,llgalI=1

under the additional restrictions that the components T, = Xr, be uncorrelated, i.e.
T, =0 Vj#a. (3)

In (2) X and Y represent the mean-centered data matrices and Sy, = X'Y/(n — 1) is
the empirical cross-covariance matrix between the z- and y-variables. The constraint (3)
is imposed to generate a sequence of different solutions of (2) and in addition it avoids
multicollinearity between the regressors in the second stage of the algorithm. The first pair
of SIMPLS weight vectors (r1, g;) is thus obtained as the first left and right singular vector
of Sy, This implies that 7; is the dominant eigenvector of S, Sy, (with S,, = S;x) and q is
the dominant eigenvector of S, S;,. With the restriction in (3), the following SIMPLS weight
vectors 7, and g, (2 < a < k) are obtained as the dominant eigenvectors of respectively

SpySy, and 57 ST with S, the deflated cross-covariance matrix:

a __ / a—1
S:cy - (Ip - v@—lva—l)smy

and S;y = S;y. Here {vy,...,v,_1} represents an orthonormal basis of the z-loadings
{p1,...,Pa1} with p; = X’Tj/(TJ’TJ), the least squares regression coefficient in the re-
gression of X on T;. Finally, note that p; can be written as p; = )N(')N(rj/(ré-f('f(rj) =
Ser;/(r;S,r;) with S, the empirical variance-covariance matrix of the regressors.

In the final stage of the algorithm, MLR is performed of the original y-variables on the
extracted components T4, Ty, . .., T},. Backtransforming these estimates to the full model (1)
yields the slope estimate

B = Ry (RS, Ry) ' R}.S.y (4)
and the intercept
Bo=y- Bz (5)
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Tobacco data

To show the effect of one outlier on the SIMPLS weight vectors, we compute r; and q
explicitly for the tobacco data set [10], [11]. For n = 25 samples of tobacco leaf, p =
6 independent variables were measured: the percentage of total nitrogen, of chlorine, of
potassium, of phosphorus, of calcium and of magnesium. A linear relationship is expected
between these x-variables and ¢ = 3 dependent variables (rate of cigarette burn in inches
per 1000 seconds, per cent sugar in the leaf, and per cent nicotine). In [11] it was shown
that k = 1 latent variable is satisfactory to explain this linear model.

We first estimate (71, 1) based on the raw data. Next we add contamination in the ninth
observation @y = (1.93,2.26,2.15,0.56,3.57,0.92)" by changing the third, fourth and sixth -
variable to 10 and also by adapting the response yo = (1.6,17.84,1.65)" into (5,17.84,5)". We
thus contaminate in the directions that were not important for the first pair of PLS weight
vectors. The estimated PLS weight vectors for the SIMPLS algorithm are summarized in

the first two columns of Table 1.
[Table 1 about here.]

We see that in the contaminated case the third, fourth and sixth x-variable, as well as
the first and third y-variable, now become the most important directions. This is completely
the opposite of what we learned from the original data. We can furthermore observe that
the angle between the uncontaminated r; and the contaminated r; equals 89.72 degrees,
whereas for g; we find an angle of 85.39 degrees. For the next pairs of SIMPLS weight
vectors a similar effect can be observed. This implies that the uncontaminated SIMPLS
weight vectors are almost orthogonal to the contaminated weight vectors.

Also the SIMPLS slope matrix B is highly influenced by this artificial outlier. To illustrate
this effect on the 6 x 3 dimensional slope matrix, we split B in [Bl, Bo, Bg] where 3; represents
the slope vector for the ith response variable Y;. For each response variable Y;, we calculate
the norm of the difference of the slope estimate Bz obtained for the regular tobacco data
with the estimated slope 3¢ for the slightly contaminated data set: n(8;) = ||3; — 8¢||. We
obtain the following values: n(8;) = 0.27, n(B,) = 3.1 and n(Bs) = 0.78. The coefficients of
the SIMPLS slope matrix obtained with contamination are thus highly different from those
obtained for the original data. We see that mainly the SIMPLS estimate of 35 has changed

a lot. We furthermore note that the angle between the uncontaminated and contaminated
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estimates is almost 90 degrees for the three slope vectors. This implies that the direction of
the original slope matrix has clearly changed by adding an outlier.
This example illustrates that the SIMPLS method already breaks down when only one

outlier is present in the data.

2.2 The robust approach

The construction of the SIMPLS weight vectors and the parameter estimates B and Bo
completely depends on the estimation of the variance-covariance matrix X of the data Z =

[X,Y] with

Y X
S=EZ-p)Z-p) = ’ (6)
yx Ey
where p denotes the mean of the data:
E(X) o
l’l’ _= =
E(Y) Ky

The SIMPLS algorithm is obtained by estimating ¥ by the empirical variance-covariance

matrix S with
1 n n

S:n_lz(zi—i)(zi—i)', z=()_z)/n

i=1 i=1

and z; = (x;,y;). However, one ‘bad’ sample will already drastically influence these estimates
as illustrated with the tobacco data. Therefore we will robustly estimate X. If the number
of observations is sufficiently large with respect to the number of variables (n > 2(p + q)),
we can use the MCD [4], the reweighted MCD [5], S-estimators [6], . ... Here we will mainly
concentrate on the MCD and the RMCD estimator as they can be quickly computed by
means of the FAST-MCD algorithm [12]. To deal with high-dimensional data, we refer to
the method developed in [8]. Its robustness properties will be studied in Section 4. Note
that if we do not apply a dimension reduction, i.e. if we take k = p, we obtain the robust

multivariate regression as introduced in [13].

MCD method

The objective of the MCD method is to find h > £ observations out of n whose empirical

variance-covariance matrix has the lowest determinant. The default value for A is roughly
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[an] where « reflects a lower bound for the fraction of regular observations. Usually « is
taken equal to 0.5 or 0.75. The value a = 0.5 ensures a high resistance towards outliers,
but a = 0.75 raises the finite-sample efficiency of the estimator. Note that we need that
h > p+ q = m since else the empirical variance-covariance matrix of every h-subset is
singular.

Let H denote the h-subset with minimal determinant. The MCD estimates of location
and covariance are then defined as the classical mean and variance-covariance matrix of this
subset:

. 1 . 1 . . ,
fisien = 7 Z Zi Enep = €1y Z(zi — faien) (Zi — fen)' (7)
1€H i€H
The factor c¢; is a consistency factor which for normally distributed data equals ¢; =
a/Fe +2(qa), and ¢, = X}, ,, the a-quantile of the y*-distribution with m degrees of free-
dom [15]. The function F2 ., then denotes the distribution function of a X2, o-distributed
random variable.

To increase the finite-sample efficiency, a reweighted MCD estimator was proposed by
[5], [12]. After obtaining the raw MCD estimators in (7), each observation receives a weight
w;:

1if (= — ﬂl\/ICD)/ZA:h_/IéD(zi — fiycp) < X12n,0.9757
0 otherwise.
The reweighted MCD (RMCD) estimator is then defined as the classical mean and variance-

covariance matrix of those observations with non-zero weight w;, or equivalently:

,&'RMCD = M ijRMCD = C9 Z?:l wi(zi _ 'aRMCD)(zi _ ﬂ’RMCD)/
2 YL v

where ¢3 = 0.975/F2 (X?.0075) 18 a consistency factor at the normal distribution.

Robust PLS

Applying the MCD or the RMCD method once to the z; = (x;,y;) yields an estimate of
the variance-covariance matrix ¥ in (6). From this we deduce ixy and 3, which are robust
estimates of ¥,, and ;. Analogously to the SIMPLS algorithm, the robust PLS weight

vectors are the dominant eigenvectors of the robust estimate igmigy and r, = f)qua /|l iquaﬂ

with

. 3. for a =1,

Yoy = o (8)
(Ip = vo1v,_y)XN5 " fora>1.
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Here {vy,...,v,_1} is an orthonormal basis of the set of z-loadings {3,71, ..., %1 }.

To obtain a robust slope, we define analogously to (4)
B = Riy(RpX.Ry,) ™ Ry (9)

This estimator B is regression, z-affine and y-affine equivariant [7], [13] if all & = p compo-
nents are considered in the regression stage. According to (5) the robust intercept is defined

as

~

Bo = ﬂy - Blﬂx (10)

Tobacco data

We resume the example of the tobacco data and estimate the first pair of PLS weight vec-
tors of the raw and contaminated data with this robust PLS regression method using the
reweighted MCD. We then obtain the PLS weight vectors listed in the last two columns of
Table 1.

First of all, we notice that the estimates at the raw data hardly differ from the SIMPLS
outcomes. Also adding contamination in one sample does not change the robust PLS weight
vectors very much. In this case the PLS weight vectors for the uncontaminated and contam-
inated data are not orthogonal but almost coincide. The angle between r; without and r;
with contamination only equals 4.84 degrees, and for q; this angle is 2.18 degrees. For the
raw MCD estimates, the same results apply.

Also the estimate of the slope matrix is just slightly influenced by the introduced outlier.
The norms n(3;) = ||8; — 8| are n(B1) = 0.13, n(B;) = 0.33 and n(Bs) = 0.09. Moreover

the angle between the contaminated and uncontaminated estimates is only 4.84 degrees.

3 Robustness properties in low dimensions

3.1 The influence functions

To measure the influence that one observation z = (x, y) exerts on an estimator, we calculate
its influence function [3]. For this, we need to consider the functional version of the estimator
which defines the estimator at a certain class of distributions. E.g. for the sample average
Z, the corresponding functional is the first moment F(X) = [ zdF(z) that is defined at all

distribution functions with a finite first moment.



To obtain the influence function of r,, we consider the contaminated distribution F, =
(1 —€)F + eA, with A, the distribution putting all its mass in an observation z and with
F € F, the class of all elliptical symmetric unimodal distributions (see Appendix A for
more details). Then we measure how the added observation z effects the outcome of r,, by
computing the difference between the estimator at the contaminated and the uncontaminated
distribution. Finally, the influence function looks at the infinitesimal effect by dividing this
difference through the amount of contamination ¢, and then letting € go to zero. The influence

function of r, is thus defined as

IF(z,7,; F) = lim

e—0 €

(1= 9F + ) ralF) _ [2relF)]
Oe o
For g, and B a similar definition holds.

In [14] a general expression for the influence function of the eigenvalues and eigenvectors
of a symmetrical positive-definite functional G is derived. Their lemma also applies to
symmetrical semi-positive definite matrices such as ¥;,3,,. The formulation of this lemma
is given in the Appendix A (see Lemma 2).

Because ¥,,>,, and ¥,,%,, are at least rank 1 matrices we can apply this lemma to ob-
tain the influence function of r, and q,. Lemma 2 furthermore implies that once IF(z, f]xy; F)
is known, the influence functions of all the PLS weight vectors can be obtained. This influ-
ence function can be calculated by applying the next lemma [14] where the influence function

of any affine equivariant scatter matrix is characterized by a special form.

Lemma 1 For any affine equivariant scatter matrix functional X possessing an influence

function, there exists two real-valued functions ac and Gc on [0,00), such that

~

[F(z, %5 F) = ac(d(2))(z — p)(z — p) = Be(d(2))2
with d*(z) the squared mahalanobis distance, i.e. d*(z) = (z — pu)'S 7z — p).

Whether or not the influence function of ¥ is bounded thus depends on the behavior of the
function a¢. For the empirical variance-covariance matrix ac = B¢ = 1 which implies that
the influence function of 3 is unbounded. Table 2 contains the explicit formulation of the
functions a¢ and fe for MCD and RMCD at F' ~ N(p,). These are derived from the
influence functions of the MCD and RMCD estimator [15]. For m = p+¢ = 3 and a = 0.75,
both functions are shown in Figure 1. The function a¢ is redescending to zero whereas (¢

attains a constant different from zero.



[Table 2 about here.]
[Figure 1 about here.]

Since the PLS weight vectors are computed in an iterative way also the influence functions
are obtained step by step. Therefore we first calculate the influence function of the first pair
of PLS weight vectors and generalize this result to all the pairs of PLS weight vectors. The
mathematical details are given in Appendix A by Theorem 3 and Theorem 4.

The expression for the first PLS weight vector IF(z,7r1; F') in (14) (see Appendix A, Theo-
rem 3) simplifies when ¢ = 1. This is a situation which is often encountered in chemometrical
applications where the response variable represents e.g. the concentration of a certain con-

stituent in different samples.

Corollary 1 If ¢ =1 the influence function of the PLS weight vector ry equals

IF(z,7; F) = ac(d(z)) ™

(I, — miry) (T — po) (11)
whereas IF(z,q1; F') = 0 with Ay the square root of the dominant eigenvalue of ¥,,%,,.

It is important to note that the influence functions of the PLS weight vectors (see (11)
and (14)—(18) in Appendix A), do not depend on . This implies that an observation which
has an unusual large robust distance d(z) will exert no influence on robust estimators with
vanishing . However, for the SIMPLS algorithm this does not hold. The classical function
ac = 1 and the presence of &- and p-terms in (17) are responsible for the unboundedness of
the influence function of the SIMPLS weight vectors. However, for the MCD and the RMCD
method, the influence function is bounded and even equal to zero when a¢ becomes zero.

We illustrate this effect by plotting the norm of the influence function. Because of

dimension limitations we take ¢ = 1 and p = 2. For F' = N((0,0,0)’, %) with

5 1/2 3
S=11/2 2 1/3 (12)
3 1/3 2

and a fraction o = 0.75 we compute the norm of IF(z,ry; F') as derived in (11) for every
observation z = (x,y) in [(—8,...,8),0,(-8,...,8)]. So for each value z; € [—8, 8] and each
value y in [—8, 8] we compute the theoretical influence function (11) with 3 as in (12) which

can be decomposed as in (6).
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The shape of the norm of the influence function is shown in Figure 2. Figure 2(a)
illustrates that the influence function of the SIMPLS weight vector is unbounded whereas
the influence function of the PLS weight vectors obtained with the MCD and RMCD method
in Figure 2(b) and Figure 2(c) are bounded and redescending to zero. Note that the gross-
error sensitivity 7*, defined as the supremum of || IF(z,ry; F)||, for MCD ~f,, = 1.84 is
larger than 5, = 1.12.

[Figure 2 about here.]

Finally, we present the result of the influence function of the slope matrix B as defined
in (4) and (9). Its influence function can be immediately derived from (17) which yields

IF(Z,Rk,F) with Rk = [7‘1,7“2, c. ,’I‘k].

Theorem 1 The influence function of the slope B = Rk(R;ika)’lRﬁgixy based on k com-
ponents at ' € F equals:

~

[F(z,B; F) = IF(z, Ry; F)A — Rk(R;szk)—l{fF(z, ' F)S,B
+ RS, IF(z, Ry F)A — IF(z, R,; F)ny}
+ ac(d(z) R (RS Ry) " Bie — o) {(y = ) — (@ — .)'B}
with A = (RLS,Ry) " Ry Ss,.

The influence function of the SIMPLS slope matrix is unbounded. This is illustrated in
Figure 3(a) where we plot the norm of the slope matrix for the covariance matrix (12) for
every z = (x,y) with 1 € [-8,8], 25 = 0 and y € [—8, 8] when k = 1 component is retained.
The influence function of the robust slope matrix is clearly bounded and becomes zero when
a strong outlier is present (i.e. when its robust Mahalanobis distance is very large), again
because of the absence of the function (¢ in (17) and (18). This can be seen in Figure
3(b) for MCD and Figure 3(c) for RMCD. If the regression is based on two components,
we obtain similar figures. Again, the maximal norm of the influence function of the slope
obtained with MCD (v, = 1.79) is slightly larger than the maximal norm obtained with
RMCD (7%, = 1.08).

[Figure 3 about here.]
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Remark 1 The influence function of the intercept vector (10) By = Ly — B i, follows
immediately from Theorem 1: IF(z, By; F) = IF(2, fu,; F) —IF(z, B'; F)ji, — B'IF(2, ji,; F).
For the SIMPLS algorithm it holds that IF(z, fi,; F)) = € — p, and IF(z, 1, F') = y — py
because the sample average is used. This implies that the influence function of the SIMPLS
intercept is unbounded. The bounded influence function of the MCD location estimator can

be found in [15] and for the reweighted MCD we refer to [16].

3.2 An example: tobacco data

We show the behavior of the influence function on the tobacco data. Therefore we introduce
one outlier by taking z = (x9,y9). We vary the third z-variable, which has the value 2.15
in the original data set, and the third y-variable, which has the value 1.65 in the original
data, into a value between -30 and 30. We then measure the influence that this observation
z exerts on the PLS weight vectors r; and g; by plugging the estimates in equations (14)—
(15). The effect on both PLS weight vectors (r,, q,) for different values of a is similar and
therefore we only show the norm of the influence function of r; in Figure 4(a).

We estimate > with the MCD method and the SIMPLS method and plug the estimates
into (14) for every contaminated ninth observation z. The influence function is then bounded
and almost everywhere equal to zero. For the original SIMPLS method we see that the
influence function is unbounded. When we zoom in on the region where the original sample
is located in Figure 4(b), i.e. corresponding to the case when no outlier is added to the data,
we see that IF(z,7; F') is not exact equal to zero, but the norm of the influence function of
7, obtained with RMCD and MCD is still smaller than the norm of the influence function
of the SIMPLS weight vector which is expanding quadratically. We thus see that a regular
observation does possess some influence on 7y, as we prefer, but this influence is clearly
bounded. The norm of the influence function of r; based on the raw MCD estimator attains
higher values, whereas the influence function based on RMCD differs from zero in a slightly

larger region.
[Figure 4 about here.]

Finally, we made similar figures to investigate the robustness of the slope matrix B =
[,31, ,32, Bg], where Bl represents the slope vector corresponding to the ith response Y;. Be-

cause the results were very similar to those in Figure 4, we did not include them here.

12



3.3 Breakdown property

A robust method should also be resistant to groups of outliers, which is usually measured
by means of the breakdown value [7]. The finite-sample breakdown value €*(7, Z,,) of an
estimator 1" at a sample Z,, is defined as the smallest fraction of outliers that can cause the

estimator to take on arbitrary values far from 7'(Z,):

¢(T,2,) = min { - up|[T(Z,) = T(Z,)] = o)

1<I<n

where Z, is obtained by replacing | € {1,2,...,n} samples of Z, by arbitrary samples.
Simulation studies in [17] and [8] already show that the robust approach can deal with a
large fraction of different types of outliers. We now show that this method inherits the
breakdown value of the robust estimator of location and scatter. For this we assume that
the m-dimensional observations are in general position which means that no more than m

observations lie on an (m — 1)-dimensional subspace.

Theorem 2 Let Z, = {(x;,y;);i = 1,...,n} denote a set of m = (p + q)-dimensional
observations with n > 2m and let 1, and S, denote estimators of location and scatter for
p and . Denote min{e*(fin, Zy), € (3, Zn)} = (en_nl Then the breakdown value of the
estimator (B; B)) also satisfies ¢*((B; B}), Z,) = <21,

n

Remark 2 Theorem 2 implies that the breakdown value of the SIMPLS slope matrix and
intercept is 1/n. This illustrates again the non-robustness of the SIMPLS algorithm. For the
MCD method, the breakdown value is [e*n|/n with € = (n — h)/n. The highest possible
breakdown value of approximately 50% is attained by taking h = [(n +p+q+1)/2] =
n/2 [7, 13].

3.4 Computation times

The Matlab implementation of this robust PLS regression method is available at our web
site www.wis.kuleuven.ac.be/stat/robust.html. The program is part of the Matlab toolbox
for Robust Calibration. Note that its computation time is relatively small due to the FAST-
MCD algorithm [12] which allows to compute the MCD estimator at large sample sizes. For
small data sets some computation times are provided in [8]. E.g. with n = 100 observations
and p =5 (for k = 1,2,...,5), it only takes about six seconds on a Pentium IV with 1.60
GHz. For n = 1000, p = 20 and k£ = 3 it only requires 38.9 seconds.
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4 Robustness properties in high dimensions

For cases where n < p the previous section does not suffice because the theoretical results
and the MCD method on which the results are based can only be applied in practice when
n > 2(p + q). However, the classical results still hold, i.e. the influence function of the
classical PLS weight vectors, slope matrix and intercept vector are unbounded.

In [8] a robust PLS regression method (RSIMPLS) is developed for such high-dimensional
data sets based on a robust PCA method in high-dimensions [9]. It is also recommended to
use this method when p is larger than, say 10, as the computation of the MCD estimator
then becomes less precise. No theoretical results could yet be proven about this robust
PLS method but many simulation results ([17], [8]) have already proven the robustness of
this method. Therefore we will study the empirical influence function and the empirical
breakdown value of a specific data set. We consider the gas data set [18] which consists
of NIR spectra of 60 gasoline samples measured in 2 nm intervals from 900 nm to 1700
nm, so p = 401. For each sample the octane number Y is measured (¢ = 1). We first
preprocessed the data by robustly centering and robustly scaling the octane number of each
gasoline sample by means of the univariate MCD estimator. We then analyzed the data
using our robust techniques and no damaging outliers were found to be present in the data.
Moreover, it was found by looking at robust RMSECYV values that £ = 2 components were

appropriate, hence we used k = 2 in the sequel.

4.1 An empirical influence function

The empirical influence function is defined as

B(Zso) — B(Zeo)
1/60

(13)

with B(Ze,o) the estimated slope matrix for the clean gas data Zgo = {(x;,v:),i = 1,2,...,60}
and B (260) the estimated slope matrix for the contaminated data Zg, which is obtained from
Zgo by varying one observation.

The contamination is added in the first observation (1, y;) by varying the first z-variable
211, which originally is -0.05, and the preprocessed response variable y; which is -1.33 for
the clean data. We let x1; and y; take values between -40 and 40 in steps of 2 in the

contaminated data 260. For each data set Zﬁo, we obtain the norm of the empirical influence
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function as defined in (13). We then obtain the three-dimensional figure in Figure 5 where
for each value x1; € [—40,40] and for each y; € [—40,40] the corresponding norm is shown.

Figure 5(a) clearly illustrates the non-robustness of the SIMPLS slope. Changing the
y-variable for one observation has a huge effect on the slope estimate. It might seem that
changing only one z-variable does not damage the slope estimate since the figure seems
to remain flat. However, notice the high values on the z-axis. In this example, changing
x11 does influence the slope estimate, but the damage is still bounded. This is caused by
the fact that B(Zﬁo) tends to a very bad slope estimate such that adding a worse type of
contamination does not significantly change this estimate. The norm of (13) thus becomes
constant. Changing x1; and y; simultaneously has a similar effect.

Figure 5(b) again shows the boundedness of the robust PLS method in high dimensions.
The peaks in this figure appear at the value for y; = —2 (close to the original value of -1.33).

Also note that the height of these peaks remains similar for the large |z1;| values.

[Figure 5 about here.]

4.2 An empirical breakdown property

We also investigate empirically the breakdown value of the robust PLS regression method
in high dimensions. Therefore we add various amounts of contamination to the gas data set
by varying the first ¢ observations of the clean data with ¢ = 0,1,2,...,30. This is forced
by changing the univariate response to 20 for these i observations. So we add 0 to 50% of
contamination to the data. For each amount of contamination we calculate the contaminated
slope vector Bf and compare it to the uncontaminated slope vector B by calculating the norm
18 — B¢||. We then plot in Figure 6 this norm against the amount of contamination added.

We already know that the classical SIMPLS method can not deal with one outlier. This
is also seen in Figure 6 (solid line). With only one outlier the estimated slope is already
highly influenced. If we use the RSIMPLS method where we assume that the fraction of
regular observations is at least « = 75% (dashed line) the method breaks down when 23.33%
of contamination is present in the data. If we however take o = 0.5 (dotted line) the method
copes with up to 48.33% of irregular observations. Thus the breakdown value €* is roughly

1 — « as for the MCD estimator.

[Figure 6 about here.]
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4.3 Computation times

Also this robust PLS method is available in the Matlab toolbox for Robust Calibration. For
n = 1000, p = 500, ¢ = 1 and k£ = 3 it only takes 75.5 seconds. For situations with n < p,
eg.n =50, p=100, ¢ =1 and k = 5 it takes 6.4 seconds whereas for n = 1000 and
p = 2000, ¢ =1, k = 3 its computation time is 352 seconds.

5 Conclusions

The SIMPLS algorithm is highly non-robust towards outlying observations. We have illus-
trated that a single sample can change the direction of the SIMPLS weight vectors and the
regression estimates arbitrarily. This also appears in their unbounded influence functions.

In low-dimensions a bounded influence covariance estimator provides an alternative for
the SIMPLS algorithm. We have shown that the influence function of all pairs of PLS weight
vectors and of the regression estimates is then bounded. This makes this method resistant
towards point contamination. In particular we have graphically illustrated the bounded
influence function obtained with the MCD and RMCD estimator.

A robust method should however also be resistant to groups of outliers, which is usually
measured by means of the breakdown value. We have shown that the breakdown value of the
robust PLS regression method corresponds to the breakdown value of the robust estimator
of location and scatter.

For high-dimensional data, we recommend to use the RSIMPLS method. We have illus-
trated on a real data set that the empirical influence function remains bounded and that it

can resist large fractions of contamination.
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Appendix A. Influence properties of the PLS weight vectors

To derive the influence function of the SIMPLS and the robust PLS weight vectors and the
slope matrix, we introduce the functional forms of these estimators. We assume that our
m-dimensional observations z; = (x;, y;) are sampled from an elliptical symmetric unimodal
distribution F),x, with p € R™ and ¥ an (m x m) symmetrical positive definite matrix
(SPD(m)). This means that the density of F), 5, can be written as

gz =p)E Nz — )
Juz(2) = ATD)

with g a strictly monotone decreasing function.

Let F denote the set of all such distributions, then we call a map & : F — SPD(m)
a statistical functional for a covariance matrix ¥. The corresponding estimator of ¥ is
S, = 3(F,) with F, the empirical distribution of the data {zi,...,2,}. We also assume
that ¥ is Fisher-consistent for ¥ at F, x meaning that 3(F, ) = ¥ and we require that 3.
is affine equivariant, i.e. if Z ~ F,5; then 3(AZ + b) = AS(F)A’ for any vector b € R™ and
any non-singular (m x m) matrix A. Note that the notation 3(Z) = S(F,x), if Z ~ F, 5.

Furthermore we assume that X2 ¢ has at least one positive eigenvalue A7, with A7, >

A2, > > )\ga > 0 and g, = by, ..., by denote the corresponding eigenvectors for 1 <

a < q. We define the eigenvectors of Y2y 88 Ty = Q1qg, . . ., Gy With aj, = Egybja/)\ja for
7 =1,...,q. For ease of notation, we will use the same notation for the functionals of the

3 o a a a a
eigenvectors and eigenvalues of 3§ 3% and of %7 »7 .

The Fisher-consistency of X at " also implies that %7 37, is Fisher-consistent for 37 3¢, .
Moreover this also means that the functionals of the weight vectors and eigenvalues are
Fisher-consistent and thus a1(F) = 74, bia(F) = g, and X5, (F) = A3,

Denote the set of all symmetrical semi-positive definite matrices of size d x d but of rank
[ < d by SSPD(d,1). The next lemma then provides the influence functions of the positive

eigenvalues of A € SSPD(d, () and of the corresponding eigenvectors.

Lemma 2 Let G : F — SSPD(d,l) be a statistical functional and F an m-dimensional dis-
tribution from F. Suppose that IF(z,G; F) ezists and let G(F) = A. Denote with 11,...,T
the eigenvectors of A with corresponding non-zero eigenvalues p1 > ... > p;. Then the
influence functions of p; and T; are given by:

IF(z, p;; F) = Tj{ IF(z,G; F)T;
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and

1 d
1
(Ti/ ]F(Z, G; F)Tj)Ti + Z _(TZ‘/ [F(Z, G; F)Tj)Ti
i=1 pj - pl i=l+1 pj
i#j

IF(z, 1 F) =

If [ = d we obtain the same expression as in [14].

We can now obtain the influence function of the first pair of PLS weight vectors.

Theorem 3 Let q; be the dominant eigenvector of ¥,,%,, with corresponding eigenvalues
N> > )\21 > 0 and let vy be the dominant eigenvector of X442 ,.. The influence

functions of r1 and q1 are given by

q
A& + N\ i
i) = ol {d PuBen iy, 2030 g0k )
11 il

=2 i=q+1

q
e F) = aci(z) Y PHEsetltuealy, (15
11 i1

1=2

with ac, fo and d(z) as defined in Lemma 1, 71 = @11, Q21 . . . Gy the eigenvectors of ¥, %,

g1 = bi1,ba1, ... by the eigenvectors of ¥y, 2, and
(x — po)'ain =&, (Y — 1) bji = 91 (16)
fori=1,....pand j=1,...,q.

Proof of Theorem 3:

To obtain the influence function of q; we first apply Lemma 2:
: 1
IF(z,q1; F) = Z m(bgl IF(2, %y 0; F)qu)bi.
i=2 i

Applying the product rule and Lemma 1 immediately yields the influence function of iyxf]xy

and thus:
IF (2, qi; F Z o e ) Bty — )@ — ) S
=2
B (@ — )y — 1)/ @1} — 280 (d(2) (b Sa Ty r) [ Bt

Because b};3,,%,,q1 = 0 for i # 1 and X,,b;1 = Aj1a;1 the previous equality becomes

q
« d =z / !/ / !/
1F(z.q:7) = 3 SN[ by ) - )'m + Naaly(e — )y m,Va] b
11 i1

1=2
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Applying the notations from (16) finally results in expression (15).
The influence function of the first PLS weight vector r; is obtained in the same way as
for g, or by noting that

A

AMi(F)ri(F) = X0 (F)qu (F).
[ |

Next, we derive the influence function of the PLS weight vectors (r,, q,) in general.

Theorem 4 For r, and q, the dominant eigenvectors of 33, %0 and %5, 323, with eigenval-

ues A\, > A3, > ... > A2, >0 the influence functions are given by

q P
1 ac(d(z a
IF(z,7rq; F) = ac(d(z)) Z W ()\lagia(;pla + Aia&la@ia) a;, + % Z §iaQia
i=2 ~la ia @ i=q+1

q
1
_ Z SR (Alaa;a IFv(a — 1)Xyqa + N IFv(a — 1)Ewybm) a;,

i=q+1

(17)

and

: 1
IF(z,q.; F) = ac(d(2)) Z 2 22 (/\z‘afiasé?la + /\1a§11%‘a)bia
=2 la (1)
¢ . (18)
_ Z W (b;azym [FU(Q/ - 1)Equa) bia.
i—2 “'la ia

fora=1,....p with ac and d(z) as defined in Lemma 1, v, = @14, Q2q, - - . Qpg the eigen-
vectors of ¥3, 3%, @a = bia, bag, .. bya the eigenvectors of X3 X8 | [Fv(a — 1) as defined in

(20) and with (x — py) @iq = &ia and (Y — py)'bje = wjo similar as in (16).

Proof of Theorem 4:

Before proving Theorem 4, we first obtain an expression for the influence function of the
vectors v,. Therefore define v,, = (I, — Zj;% v;v;)¥,T,, the unnormalized vector as a
result of the Gram-Schmidt orthogonalization process of {¥,71, X,79, ..., X,7,} and let v, =

Van/||Van]|| e the normalized vector. By making use of the product rule we find that
(IP - Z?:l ’UZ"UQ) {Oéc(d(Z))(CC - ll’1>§1a + Zz IF(Z7 Ta; F)}

”'Uan”
19
(I, —vv,) IFv(a — 1)X,r, (19)

[[van

IF(z,v,; F) =
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with
IF(z, Y0 vvls F)  ifa>1,

[Fo(a—1)=
0 otherwise.

(20)

The influence function of igwigy can then be derived using the property that igxigy =

Sy (I, — S0 v0))Y,, and the product rule. Lemma 19 and Lemma 2 then lead to the ex-

pressions as stated in Theorem 4.
Corollary 2 If g =1 the influence function of r, and q, at F' € F satisfies
IRz, 7 F) = 3= (0, = rari ) ac(d@) (e — ) = Fole - DEna)
- (i) 3 viile - o)
i=1
and IF(z,q,; F) = 0.

Remark 3 The influence function of r, in (17) has no component in the direction of r,.
This follows from 7/ IF(z, r,; F') = 0 using the fact that ||7,]| = 1. A similar result holds for

the influence function of g, in (18).
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Appendix B. Robustness properties of the PLS slope matrix

Proof of Theorem 1:

Using the product rule, we obtain:
IF(z,B; F) = IF(z, Ry; F) (R, Ri) ' RLY., + Ry IF (2, (R, S.Ry) ™ F) RS,
+ Rp(RS.Ry) U IF(2, Ry F)Syy + Ri(RLE.Ry) 'R} IF (2,5, F).

This expression is simplified by noting that
IF(z, (RS, R,) 5 F) (R, Ry) + (RS, Re) " IF(2, (RL S, Ry); F) =0

and by using Lemma 1.

[ |
Proof of Theorem 2:

Assume that | < [e*n]| observations of the original set Z, are replaced by arbitrary ob-

servations. Let Zn denote the contaminated set. We obtain the breakdown value of the
slope matrix B by showing that the two-norm of the slope matrix B is finite. Because

B = Ri(R,X.Ry) 'R}, it holds that:

1B(Z)N2 = N1Re(Z0)(Ri(Zn) Sa( Zn) Ri(Z0)) ™ Ri(Z0) Sy (Z) |2
< NBR(Z) ol (Bi(Z0) S0 (Za) Ri(Z0)) Mzl Bi(Za) |21 Sy (Za) -

First, we use the property [19] that |Ri(Z,)|2 < VE|Re(Zn)|l1 < vk and ||Ri(Z,) ]2 <
\/_||Rk( ) |l < p because |r,|| = 1 for a = 1,2,..., k. We also have that ||%.,(Z,)l2 <
I2(Z)l2 < Amax(2(Z,)) With Amax(2(Z,)) the maximal eigenvalue of 3(Z,). This eigen-
value is bounded because we only replaced [ < [e*n] observations.

Finally, we look at ||(Ri(Zpn) Se(Zn)Ri(Zn)) 2 = 1/ Amin(Br(Z0) S0(Zn) Ri(Z,)) with
Amin(Ri(Z) 20(Z,) Rie(Zy,)) the minimal eigenvalue of Ry(Z,)'Se(Zn)Ri(Z,). Because we
assume that this matrix Ry(Z,)Se(Zn)Ri(Z,) is invertible, all its eigenvalues are differ-
ent from zero and thus also ||(Ri(Z,)'Se(Zn)Re(Z,)) |2 < oo. These results imply that
1B(Za)ll2 < o0

For the intercept vector By it holds that || Bo(Zy)|l2 < [lfty(Za)ll2+ 18" (Zn) |2l fte(Zn) |2 <
oo because only | < [€*n]| observations are replaced.
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Figure 2

Empirical covariance matrix

=)
=

SRt
Wl
R
RS
R
RN
AN
N
2N
220\
NN
0\
)
R
Il
rtrind

@ )4l

-4

RMCD

MCD

I
~ 0 -

- o
[(ERIT =]

25



Figure 3
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Figure 4
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Figure 5

Empirical covariance matrix RSIMPLS
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Figure Captions

Figure 1: The function a¢ (a) and f¢ (b) for m = 3 and a = 0.75.

Figure 2: The norm of the influence function of the first SIMPLS weight vector r; based
on (a) the empirical variance-covariance estimator; (b) the MCD estimator; (c) the

RMCD estimator.

Figure 3: The norm of the influence function of the slope vector 3 based on (a) the empirical

variance-covariance estimator; (b) the MCD estimator; (c) the RMCD estimator.

Figure 4: The norm of the influence function of r; for the tobacco data when one observation

is contaminated: (a) in a large range for z; (b) in a small range for z.

Figure 5: The empirical influence function of the slope vector of the PLS regression method

in high dimensions for (a) SIMPLS (b) robust SIMPLS.

Figure 6: The empirical breakdown value of the SIMPLS (solid line) and robust PLS re-
gression method in high dimensions for a = 0.75 (dashed line) and o = 0.5 (dotted

line).
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Tables

Table 1
SIMPLS Robust PLS
Raw data Contaminated data | Raw data Contaminated data
T 0.51 0.03 0.51 0.54
-0.67 0.00 -0.68 -0.67
-0.12 -0.51 -0.12 -0.05
-0.02 -0.62 -0.02 -0.02
0.50 0.01 0.49 0.48
0.17 -0.59 0.17 0.16
q 0.05 -0.73 0.04 0.07
-0.97 -0.27 -0.98 -0.98
0.24 -0.62 0.20 0.18

Table 1: PLS weight vectors of the tobacco data obtained with SIMPLS and a robust PLS
regression method based on the RMCD estimator.
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Table 2

e (t) Ao
with fi(z,y) = F\z(q.) and ¢, = X3, ,
rnicn (1) onien (E)(1 = f2(0.975,m)) + H=v/IBITEL
with fy(w,y) = ety
Pracn (1) m{l +I(t < Vi) (Framsram — frs) — mﬂimm}
with fs = 3(1 = fala,m)) + = (1 = s5t)
Bresien (t) 1+ (1 £2(0.975,m)) (Bucn(t)(% + 1) — Ceenld)

Table 2: The expressions for a¢ and Gc at F' ~ N(u, ) for MCD and RMCD.
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