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Abstract: In this paper we present robust estimators for the dispersion of the
errors in simple linear regression. Existing scale estimators are based on the
residuals from an estimator of the regression itself. Instead, we propose scale
estimators that do not depend on any previous estimate of the regression pa-
rameters. For this purpose we consider triangles formed by data points, and
define their vertical height. Taking the repeated median of all such heights leads
to a 50% breakdown point estimator. A second estimator is obtained from the
0.278-quantile of all triangle heights, and results in a breakdown point of 34.7%.
When we restrict ourselves to the heights of adjacent triangles and take their
0.4-quantile, we obtain a much faster estimator with a 20% breakdown point.
Simulations are carried out to study the computation time and statistical per-

formance of these estimators.
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Introduction

The central model in this paper is that of simple linear regression

Yi= 0o+ P +e; fori=1,...,n,
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where the distribution of ¢; has a scale parameter o. Like the response y;, also the regressor
x; can be observational, as is the case in many applications. In the model (1.1) one typically
begins by estimating the parameters (3, and [3; by regression coefficients B(] and Bl, and then
uses the latter to estimate 0. For instance, the ordinary least squares (LS) method estimates

o by

where the residuals are r; = v; — (Bo + lez) forall i=1,...,n.

It is well-known that the LS estimators of 3y, (6 and o are extremely vulnerable to
outliers, whether in the y; or in the z; (see, e.g., Rousseeuw and Leroy 1987). Outliers
can be thought of as a minority of data points 2z; = (x;, ;) which do not obey the model
assumptions. Because of this sensitivity, many methods of robust regression have been
considered. In all cases we know of, the estimate of ¢ is always based on the residuals r;
which in turn are based on the robust estimates of 3y and f3;.

For univariate data a similar situation exists, in the sense that robust scale estimators
are typically based on an initial estimator of location. However, recently some univariate
scale estimators were proposed (Rousseeuw and Croux 1993) which are equally robust but
location-free. In the same vein, our purpose is to construct robust estimators of o in (1.1)
which do not depend on the choice of the estimators B(] and Bl.

Our original motivation for addressing this question was twofold. First of all, such a
regression-free 6 may be used as an initial estimator in the construction of certain rank-
based estimators and tests for Bo and Bl which are presently being developed (J. Jureckova,
personal communication). And secondly, by comparing a regression-based scale estimate
with a regression-free scale estimate on the same data, it is possible to check the validity of
the model (1.1) as is done in Section 6.

The structure of the paper is as follows. In Section 2 the estimators are constructed, and
in Section 3 their breakdown points are given. Section 4 presents a simulation study of their
performance, whereas Section 5 discusses related approaches. In Section 6 some examples
are considered. Finally, Section 7 draws conclusions and looks at possible extensions. All

proofs are collected in the Appendix.
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Figure 1: Vertical height of a triangle

2 Description of the estimators

Any scale estimator in the linear model needs to be regression invariant, which means that
replacing the data points (x;,;) by (z;,v; + ax; + b) should yield the same result. In
other words, adding a perfect linear relation with arbitrary slope a and intercept b makes
no difference to the error scale. This property is the natural analog to the well-known
translation invariance of univariate scale estimators.

The basic idea of the estimators in this paper is to consider triplets of data points.
Any three data points z;, z; and z; determine a (possibly degenerate) triangle A(z;, z;, ).
It is possible to measure the scale of these three points in a regression invariant way, by
computing the vertical height of the triangle. If we assume that the points are labelled such
that x; < x; < x;, (as in Figure 1), the height h is defined as the length of the vertical line
segment between z; and z; 2.

We can easily verify that

(yr — i) (zj — @)
Tk — X

h(zi, 2, 21) = (Y5 — Yi — if v; <z; <y (2.1)

which becomes zero when z; lies on z;z;, in which case the triangle degenerates to a line
segment. Formula (2.1) also holds when z; < x; < xj or z; < ; < 4. In the special case

where x; = x; = x;, we obtain a degenerate triangle for which we set h(z;, 2;, 2;) = 0.
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Figure 2: All triangles formed by the data points

Figure 3: Adjacent triangles formed by the data points

Now we have to choose which collection of triangles we are going to consider. We inves-
tigate two cases:

Case 1: We take all triangles formed by the n data points, as in Figure 2. There are (g)
such triangles. (Note that the xz-components do not need to be ordered in this approach.)

Case 2: We consider the adjacent triangles, as shown in Figure 3. Let us first label the
data points to have increasing z-coordinates. Then we consider the triangles A(z1, 29, 23),
N (z9, 23, 24), IN(23, 24, 25), ... which means that two consecutive triangles always have one

edge in common. In all, we form n — 2 adjacent triangles:
{A(zi, zig1, 2zig2); = 1,...,n — 2},

Now we can construct the scale estimators. For case 1 we propose an estimator based on
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the a-quantile of all heights:

Qo = Cl{h(ziaZj, z);1<i<j<k< n}[a( ) (2.2)

3
where 0 < a < 1, and the repeated median height

R = ¢y med{med{med h(z;, z;, z) } }. (2.3)
i JF#L k#ij

The expression for R can be interpreted as follows: first fix i € {1,...,n} and j # i.
Then take medy.; ; h(2;, 2;, z;). Doing this for all j # i results in n — 1 values, of which we
take the median once again. Finally we repeat this for all 7, and obtain R as the median of
all partial results. Note that each height occurs six times in the course of this computation.
If we want small storage requirements, we have to compute each height when it is needed.
On the other hand it is faster to store all heights in memory, but for this we need O(n?)
storage space. To obtain @)%}, we consider all the heights just once, and take their [a (g)]—th
order statistic. In the next section we will select an appropriate value of a.

In the case of adjacent triangles, we analogously define the estimator

dij = Cg{h(Zi, Zi4+1, ZH_Q),’L = 1, NN 2}[a(n—2)} (24)

where again 0 < o < 1. The constants ¢y, ¢y and ¢z can be chosen to make the estimators
consistent for ¢ in (1.1) under a given type of distribution (see Section 4).

By construction, all three estimators are regression invariant. Note that the computation
of R and Q4 as described above takes O(n?®) time, whereas Q4 only needs O(n log n) time
if we use an efficient algorithm for sorting the z;.

Note that (g, is related to a scale estimator proposed by Rice (1984) and Gasser et al.
(1986) in the context of nonparametric regression with a fixed and equidistant design (see
also Miiller and Stadtmiiller 1993). For each data point z; they consider the residual r; 1g
obtained by a least squares fit to z; and the surrounding points z; ; and z;;;. The error
variance is then estimated by the average of all TiQ,LS' Now |rirs| = %h(zi,l,zi,ziﬂ) for
an equidistant design, hence both kernels are equivalent in that case. But in our model we
assume the explanatory variable to be random. Therefore Qg differs from Rice’s estimator
in two ways. First, instead of 7; s we use the residual r; 1, from an L;—fit to (2;_1, 2, Zi41)-
The absolute value of r;;, equals the vertical height (2.1) because an L,-fit to 3 points
contains the first and the last. Secondly, instead of taking an average which is vulnerable to
even a single outlier, we use a quantile. Because of this, Qg can withstand a substantial

fraction of outliers. This robustness aspect is worked out in detail in the next section.
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3 Breakdown points

We will now investigate the breakdown points of our estimators. For any sample 7 =
{z1,...,2,} the finite-sample breakdown point (see Donoho and Huber, 1983) of a scale

estimator S is defined as
£1(S.2) = min {£}(S. 2)., (S, 2)}

where

er(S,Z) = min {%;sup S(Z'") = oc}
ZI

and

£(S,Z) = min {%;i?,fs*(z') — 0}

Here, Z' ranges over all data sets obtained by replacing any m observations of Z by arbitrary
values. The & and ¢, are called the explosion and implosion breakdown points.

Note that the breakdown point of S depends on the original data set Z. For many
estimators S however, the breakdown point remains the same over all data sets in general
position. A bivariate data set Z is said to be in general position if no three data points lie
on a straight line. This implies that any three observations form a nondegenerate triangle,
and that at most two different replicates can occur at each x;.

Although the breakdown point depends on the sample size n, it often does not vary much
with n (as long as Z is in general position). In most cases it tends to a meaningful limit,
denoted by

e*(S) = lim (S, Z),

n—oo

which may be called the (asymptotic) breakdown point of S. Analogously, we denote

ef(S)=lim&f(S,Z) and & (S)= lim ¢, (S, 2).

Theorem 1. At any sample Z = {z1,...,2z,} in general position we have
-1
ef(R,Z) = [n 5 } /n and e, (R, Z)= [g] /n

hence the breakdown point of R is 50%.



Theorem 2. For each 0 < a <1 the estimator Q)5 has explosion breakdown point
e (Qa) =1—Va

and implosion breakdown point

L — Lcos(0a) + Bsin(6s) f0<a<}
e (Qan) =19 3 fo=3 (3-)
3+ 2cos(ba) + @sm(@a) ify<a<l
where
1 ol —
0, = —Arctan(#)-
3 L_ o

2
The mazimal breakdown point of Qo is obtained by putting o = 0.278, which results in

Theorem 3. For each 0 < a <1 the estimator Qg satisfies

ST [LELEICUEL | ¥

adj7 3
and

o @y )= [

at any Z in general position. As a consequence of this result, the breakdown point of Qg

reaches its mazimal value £*(Q4y;) = 20% by taking o = 0.4.

Theorem 2 allows us to select the value of « yielding the most robust version of )%;,, and

o

aqj- From now on we will simply denote

Theorem 3 does the same for
_ 0.278 0.4
Qai = Qg and Qagj = adj

and concentrate mainly on these versions rather than those with general a.

From the proof of Theorem 2, we see that taking a higher quantile for Q%, (e.g. a = 0.5)
would yield an estimator with a lower explosion breakdown point, making it more sensitive
to vertical outliers. The fact that R has the maximum (50%) breakdown point is similar
to the situation for slope estimators. There the estimator of Theil (1950) and Sen (1968),
defined as the overall median of the pairwise slopes, has a 29.3% breakdown point. On the
other hand Siegel’s (1982) repeated median slope estimator, based on the same kernel, resists
up to 50% of contamination. (Note that the Theil-Sen and Siegel regression methods do not

provide an estimate of scale.)



Table 1: Average computation time in seconds

n R Qaul Qadj

15 4.5 E5) .02
35 61 38 .04
100 13
1000 1.8

4 Simulations and numerical results

In this section we present some simulation results to investigate the finite-sample behavior
of the proposed estimators. Because of regression invariance, we may assume 3y = 3; = 0.
To set up the experiment, we first looked at computation time. For different values of n,
Table 1 gives the computation time in seconds for R and Qg (averaged over 300 samples)
and Quq (averaged over 1000 samples). The computations were carried out on a 486-PC
using Gauss, a software package which interprets macros. If one would execute a compiled
version (e.g. in Fortran), the speed would be much higher.

For each n in Table 2 we generated many samples of n data points (z;,;), where y;

always had a standard gaussian distribution. The variable x; was generated according to :

1. the standard gaussian distribution;

2. a bimodal distribution, with half of its mass uniform on [—2, —1] and the other half

uniform on [1, 2J;
3. the negative exponential distribution on [0, c0);

4. the Cauchy distribution.

For each of these four situations we verified, by means of () — () plots, that the estimates
obtained from R, Quu, and (Qqq; are approximately normally distributed.

The first columns of Table 2 give the average value of R and Q,; over 300 samples.
Because of computation time, these values were only obtained up to n = 35. For Quq we
were able to run the simulation 1000 times, for n up to 1000. Note that these average values
were obtained without including the constants ¢; to ¢3 which occur in the definitions (2.2)

to (2.4). These constants will be determined below.

8



Table 2: Simulation results for different distributions of x;

average value standardized variance
distribution n R Qu Qug R Qu Qadj
Gaussian 15 0.76 0.48 0.64 1.22 0.98 3.06
35 0.76 0.46 0.66 0.86 0.72 3.10
100 0.67 2.59
1000 0.68 2.61
Bimodal 15 0.79 0.48 0.64 1.19 1.06 2.87
35 0.78 047 0.67 0.92 0.81 2.95
100 0.67 2.78
1000 0.67 2.81

Exponential 15 0.79 0.49 0.63 1.17 1.04 3.34
35 0.76 0.46 0.65 0.94 0.80 3.16

100 0.67 2.64

1000 0.67 2.92

Cauchy 15 0.79 0.49 0.65 1.15 0.96 2.95
35 0.78 0.47 0.66 0.85 0.78 3.01

100 0.66 2.70

1000 0.67 2.86




The second part of Table 2 shows the standardized variance

n(var,(S))/(aven,(S))? (4.1)

for each estimator S, where var,,(S) and ave,,(S) are the variance and the average value of
S over m = 300 or m = 1000 samples. We use the standardized variance to obtain a natural
measure of accuracy for scale estimators (Bickel and Lehmann 1976), which does not change
when S is multiplied by a constant factor. Note that the standardized variance of ()4 is
substantially higher (hence its finite-sample efficiency is lower) than those of R and @, due
to the fact that we restrict ourselves to the adjacent triangles rather than considering all of
them.

Table 3 lists the results of a numerical computation of the asymptotic value of R, )4, and
(Qagj- This procedure was quite tedious. First we considered the functional corresponding

with each estimator. For (),; we have the functional
Quu(F) = c1H 1(0.278)

where H is the cumulative distribution function of h(Z, Zs, Z3) when Z;, Z; and Z3 follow
the distribution F', hence

H(’U,) = P(h(Zl,ZQ,Z:;) S ’U,)
(¥ — V1) (Xo — Xy)
X3 — Xy

= P(le—Yl— | <u

X1<X2<X3).

Therefore the finite-sample @, can be seen as an estimator of Qg (F). (This parallels the
situation for univariate data xy, ..., z, ~ G where the sample median is a consistent estima-
tor of the functional T'(G) = med(G), and where the median absolute deviation estimates
the functional S(G) = med|X — med(G)|.) The functional Q. (F') has the advantage that
it exists at all distributions F', since no moment conditions are needed. By generating a
sample of 15000 triplets from each distribution F', we approximated H by the corresponding
empirical distribution function. The functional Qu;(F') is then computed by interpolation.

The same technique is used to obtain the asymptotic value of R. It can be written as

the functional

R(F)=cy mZ(?d f1(Z1)
with
f1 (Zl) = HIZGQd fz(Zl, ZQ) and fQ(Zl, 22) = leid h(Zl, 29, Zg)
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Table 3: Numerically obtained asymptotic values of R, Quu, and (44 for the same distribu-

tions
distribution R Qau Qadj
Gaussian 0.765 0.456 0.676
Bimodal 0.810 0.478 0.675
Exponential 0.800 0.459 0.675
Cauchy 0.792 0.461 0.674

This expression is equivalent with
R(F) = cza—l(%) where  G(u) = P(fi(2)) < u).

The functions f; and f; can also be written as the inverse of distribution functions in the
point % We approximated them by generating many observations and calculating the cor-
responding empirical distribution functions. A similar computation was used for Q4 (F).

In the simulations of Table 2 we have simply set ¢; = ¢ = ¢3 = 1, which is also what
we recommend for analyzing data when we don’t know which distribution generated it. It is
only possible to compute consistency factors ¢, ¢, c3 when we assume that (a majority of)
the data come from a given distribution. Then ¢; to c3 can be obtained as the inverses of
the corresponding entries in Table 3. This then makes the functionals Fisher consistent for

o in the model (1.1), meaning that
Qau(F) = R(F) = Qaqi (F) = 0.

Therefore it suffices to set ¢; = 1/H (0.278), and to assign analogous values to ¢, and cs.
We see that the average values in Table 2, obtained by simulation, are closely approx-
imated by the asymptotic values in Table 3. In Table 2 the average values and variances
remain almost the same across widely different z-distributions, which is important when us-
ing these estimators in practice. Note that (),; belongs to the class of generalized L-statistics
(Serfling 1984) and hence is asymptotically normal. We expect Q.4 to be asymptotically
normal as well, because of its close relation to the incomplete generalized L-statistics of
Hoéssjer (1994). Moreover, some estimators based on repeated medians were recently shown
to be asymptotically normal (Héssjer, Rousseeuw and Croux 1994, 1995) by techniques that

may be generalizable to R.
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Table 4: Simulation results of different scale estimators, with and without outliers

average value standardized variance

outliers R Qu Quy OLs R Qu Qug 0rs

no outliers 098 1.01 0.94 0.97 1.17 1.04 3.70 0.61
vertical outliers 1.23 1.43 133 3.23 1.15 1.02 298 0.13

bad leverage points 1.21 145 1.29 44.49 1.11 097 3.16 4.30

We also verify the robustness of our scale estimators. This is done in the setting described
in (Rousseeuw and Leroy 1987, page 209) with n = 20. We first generated n data points

(x;,y;) following the linear relation
yi=ai+ 1+

with x; ~ N(0,100) and &; ~ N(0,1). Then we replaced 10% of the data by vertical outliers
with &; ~ N(10,1). In a third situation we used 10% of bad leverage points instead, for
which the z; have mean 100 and the y; remain as before. The scale estimates were averaged
over 300 runs and listed in Table 4, together with the corresponding standardized variances.
(Here the estimators have been multiplied with the constants ¢, ¢, and ¢3.) The last column
shows the least squares estimate 6,5 of 0. We see that 6,5 explodes in the presence of the
outliers, whereas R, Q. and Qg still give reasonable values at the contaminated data sets.

Also their standardized variance remains quite stable.

5 Related approaches

If we replace the medians by averages in (2.3), the repeated median becomes a repeated
average, which simply equals the average of all heights h(z;, z;, z;) with distinct indices
i,j, and k. We obtain exactly the same estimator by replacing the quantile in (2.2) by an
average. A different estimator is obtained from (2.4), yielding the average height of the n—2
adjacent triangles. Simulations have confirmed that these modified estimators have lower
standardized variances than the original R, Quu, and (4, but of course their breakdown
point becomes zero due to the nonrobustness of the average. Therefore, these estimators

were not considered further.
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By inverting the above reasoning, we can regard the estimators in this paper as gener-
alizations of U—statistics with the same h. Indeed, several positive-breakdown estimators
are based on replacing sums by medians (Rousseeuw 1984). In the univariate scale problem,
Rousseeuw and Croux (1992) constructed new estimators by robustifying the formulas of
U—statistics (as well as those of M— and L—estimators) by replacing sums by medians,
quantiles, and nested operations. Such modifications yield estimators that are easy to apply
but hard to analyze mathematically. In the present paper we use data triplets (z;, 2, 2x)
rather than the pairwise differences |y; — y,| of the univariate setting.

Another possibility would therefore be to replace the height h(z;, z;, z;) in R, Qu, and
Qaq; by a different kernel. However, few other regression invariant measures of scale based
on three points are readily available. A convenient choice would be the least squares scale
estimate on three points, given by (r2¢(z) + r2¢(2;) + r2¢(z))? which is easy to compute.
We have repeated the simulations in Table 2 for the versions of R, (QQqu, and (g4 with this
kernel, but it turned out that the standardized variances increased substantially in each case.

Finally, one could use other configurations of triangles than those in Figures 2 and 3.
Instead of adjacent triangles, each of which has two data points in common with its prede-
cessor, we may also consider vertez-incident triangles which intersect in a single data point,
as in Figure 4. (Analogously, the adjacent triangles might have been called ”edge-incident”.)
Going one step further, we can also consider a configuration of isolated triangles based on

consecutive triplets, as in Figure 5. This leads to the two estimators

n—1

Qverte:v = m.ed{h(ziazi—l—lazi-l-?);i = 1a375a---72 [ :| - 1} (51)

and

Qino = med{h(zi, i1, 202 = 1,47, 3 [2] 2}, (5.2)

We see that, depending on n, one or two data points may be left over: in Figures 4 and 5
some points do not belong to any triangle of the configuration. We have verified that Qyertes
has a breakdown point of 12.5%, while @);5, attains a breakdown point of 16.6%. (Replacing
the medians in (5.1) and (5.2) by other quantiles does not increase these values.) Therefore,
Quertes and Qj5, are dominated by ()44 in this respect, whereas their computational complex-
ity is the same. Moreover, when repeating the simulations of Table 1 for these estimators we
found that their standardized variances were systematically higher than that of (4q;, which

reflects the fact that (5.1) and (5.2) use the information in the data points very sparingly.
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Figure 4: Vertex-incident triangles formed by the data points

(XMO *

Figure 5: Isolated triangles formed by the data points
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Because of these results, the estimators (Qyerier and Q5o are not recommended in practice.

6 Application: testing linearity

A potential application of regression-free scale estimators is to testing linearity. It seems
that (Qqq; is suitable for this purpose because it only uses the local structure of the data,
as can be seen in Figure 3. On the other hand, a regression-based scale estimator S starts
by fitting a straight line to the data (thus using the data globally) and then measures the
scale of the residuals. When there really is a linear model underlying the data (possibly
with the exception of some outliers), then (), and S will give similar results. But if there
is curvature, ()uq will typically be smaller than S because the latter is based on a linear

relation which does not fit well. Therefore, we propose the test statistic

S
Qadj

which is dimensionless and regression invariant. The null hypothesis of linearity is rejected

T

(6.1)

at the level v if (6.1) exceeds a critical value ¢,. It is possible to determine ¢, in advance for
various distributions of z; by means of numerical methods. Another approach is to consider
the observed z; as fixed, and to simulate m gaussian samples {y;;i = 1,...,n} of i.i.d.
observations. For each such sample we can compute the test statistic (6.1) and denote it
by tU) for j = 1,...,m. Then the [(1 — 7)m]-th order statistic of these values t) provides
an approximation to ¢,. Analogously, #{t¥) > t}/m is an approximation to the p—value
P[T > t].

We will illustrate this idea on two data sets. For S we use the robust scale estimator

Orgs = ¢ \/T(Q[(la)n])(ﬁLQS) (6.2)

where BLQS is the least quantile squares (LQS) estimator (Rousseeuw and Leroy 1987, p.124)
defined as

Bros = arg;nin "1y (B)-
For o = 20% the estimators BLQS and o1,0g have a 20% breakdown point just like @4, and
we choose ¢ = 1.28 to make 67,g consistent at a gaussian error distribution.

Our first example is taken from Campbell (1974, p. 44). A biologist investigates the

response of 21 sea anemones to a standard stimulus. The explanatory variable x is the size of
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Figure 6: Duration of response versus size of sea anemones.

the anemone, whereas y measures the duration of the response. The plot (Figure 6) indicates

a nonlinear relationship, whereas we also observe a vertical outlier. The test statistic becomes

~0.820

T =2
0.148

= 5.938.

The critical values were obtained by simulating 1000 gaussian samples {y;}. This yielded
co.01 = 3.246, hence the linear hypothesis is rejected manifestly. Moreover, the test statistic
is robust against the outlier.

Our second example are the Kootenay data, which report the water flow of the Kootenay
river at Libby and Newgate in 13 successive years. Originally from Ezekiel and Fox (1959),
Hampel et al. (1986) changed a good leverage point into a bad one (see Figure 7). For this

1.916

data set T equals 555 = 1.485, yielding a simulated p—value of 0.36, hence the linearity

hypothesis is maintained. Also here, the test is unaffected by the outlier.

7 Conclusions and outlook

In this paper we have proposed three scale estimators which are regression-free, in the sense
that they do not depend on any prior regression estimator. Among these three scale estima-
tors there is a tradeoff between robustness and efficiency on the one hand, and computation

time on the other. The estimators R and @), have a high breakdown point (50% and 34.7%)
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Figure 7: Water flow of the Kootenay river in Libby and Newgate.

and are relatively efficient, but their computational complexity is O(n?) which restricts their
use to sample sizes up to about n = 100. The third estimator, Q.q;, has a 20% breakdown
point which is lower but still reasonable, as well as a substantially higher variance, but its
O(n log n) complexity makes it easy to compute even for large n.

Several extensions could be investigated. For instance, in view of the above tradeoff it
might be interesting to study configurations in which the number of triangles lies between
n — 2 and (g), because this could yield estimators intermediate between (Qu4 and Qq in
terms of breakdown point, efficiency and computation time. Also, it might be possible to
construct faster algorithms for R and @), because they are generalizations of the univariate
location-free scale estimators S, and @,, for which faster algorithms have been constructed
(Croux and Rousseeuw 1992).

A natural question is about multiple regression. In that case the data triangles become
simplices (for instance, when there are two explanatory variables we obtain tetrahedrons).
The height of a simplex is measured as before, along a vertical line, from the vertex with
interior z—component to the hyperplane formed by the other vertices. Using a theorem of
de la Vallée Poussin (see Cheney 1966, page 41) this height can be computed by a simple
two-step procedure. In the first step, we apply least squares regression to the p + 1 points

{2y, -1 2, }, yielding p + 1 residuals 775(2,), ..., 70s(%i,,,). Then the desired height
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equals
T%S(Zh) +oeee T%S(Zip+1)
res(zi)| 4+ + |res(zi,,.) |

The estimators R and @Qu; can be generalized immediately by using all data simplices, but

Wiy 2i,) = (7.1)

then the need for faster algorithms becomes urgent. For instance, one could adapt the code
of Hawkins et al (1994). To extend Q.4 we first have to set up an adjacency relation, for

instance by triangulating the collection {x;;1 < i < n}.

8 Appendix

Proof of Theorem 1. We first prove &/ (R) < [%]/n. Denote m = [2;1]. We replace
the points z; = (v, ;) by 2z = (z;,y; + L) for i = 1,...,m and L > 0. Then we can
easily verify that the height of a triangle containing at least one contaminated point can be
made arbitrarily large by letting L go to infinity. We now take some z; from the original
sample. If z; is a contaminated point, it is clear that medy h(zz-,z;, zg) — oo. If z; is an
original point and z; a contaminated one, then h(z;, zj,2;) — oo as well. Because this is
true for [”7_21 of the n — 2 possible values of k, med,h(z;, zj, zy) — oo. Both cases lead to
med;med,h(z;, 2j, zx) — 0o. Now there are at least [%-‘ original points z;, which implies that
R can be made arbitrary large.

On the other hand, ¢} (R) > ["T_l] /n. Take any sample Z’ where at least n — m +
1= [%] + 2 of the original points are kept. For each triplet (z;, zj, z) of original points,
h(zi, 2, 2x) < max;cjcrp (2, 25, 2¢) = M < oco. We can then verify that the number of
original points is big enough, so that R < coM < oc. For this we note that the median of n
numbers is bounded as soon as this is the case for [g] + 1 of them.

Secondly, €, (R) < [%] /n. We construct a new sample Z’ by setting z; = 20 = ... = 211
with m = [g} Fix z; with 1 < < m+1. For j # i with 1 < j < m + 1 it holds that
medih(2;, zj, z) = 0. When m + 2 < j < n it follows that h(z;, 2;,2;) =0 for all 1 < k <
m+ 1. Because the median of n positive numbers equals zero as soon as [g] + 1 of them are
zero, we can again verify that medih(z;, zj, zx) = 0. Therefore, med;medih(z;, zj, zx) = 0.
This holds for m + 1 values of 7, and thus R = 0.

Finally we prove that R does not implode at a contaminated sample Z’' with only

m = [g] — 1 points changed. Denote § = %mini<j<k h(zi, zj, zx) where the minimum is

taken over all the points of the original sample Z. Because they are in general position,
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§ > 0. If we take (z;,z2;,2;) from the original sample, it is clear that h(z;, z;, z;) > 6. It
follows that R > ¢o0 > 0, by noting that the median of n numbers is larger than ¢ if at least
[%-‘ of them are.

Proof of Theorem 2. To prove that e*(Q%,) = 1 — ¢/« we note that we can always replace
m points such that only the heights of the triangles consisting of original points are bounded.
We can therefore use the same construction as in the proof of Theorem 1. This implies that

Q% explodes if and only if

n n—m\_ (n M| (8.1)
- — | : :
3 3 A3 3
Putting ¢ = ™ and taking the limit for n — oo leads to the cubic inequality
e =3+ 3+ (a—1) > 0. (8.2)
The smallest positive solution of (8.2) then corresponds to e (Q%,) =1 — Ja .

Next, we have to prove that £=(Q%,) satisfies (3.1). If we replace m points by setting

21 = 23 = ...= Zpm41 We see that (mgl) + (mgl) (n —m —1) heights become zero. Therefore,

we must find the smallest m such that

m+1 m+1 n
-m—-1)> . .
(") (" oz o) 63
With e = ™, taking limits in (8.3) yields
3
e — 24 s 0 (8.4)

2 2~
Using the formulas of Cardano (see, e.g., van der Waerden 1971) we obtain (3.1) as the
smallest positive solution of (8.4).

It remains to show that replacing m points, where

L LE O

keeps Q%) strictly positive. It can be verified that there exists a positive d; such that at

n—m—1

) ) of the heights containing one contaminated point are larger than ¢,. If

least m(
02 > 0 denotes the smallest height in the original sample, we can conclude that at least
k= (";m) +m("77§71) heights in the new sample are larger than § = $min{d;, ,}. Because

(8.5) implies that k > (’;) — [oz(g)] + 1, we conclude that Q%, > ¢16 > 0.
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Figure 8: Implosion and explosion breakdown point of ()¢S, as a function of «

Figure 8 shows 1 (Q%,) and £~ (Q%,) as a function of a. From a numerical calculation it
follows that e*(Q%,) = min{e™(Q%,),c (Q%,)} reaches its maximal value £*(Q%,;) = 34.7%

for a« = 0.278.

Proof of Theorem 3. We may assume that the original data points are ordered in the z-
direction, hence z; < z; if i < j. First we show that ¢} (Qg,) < [M-‘ /n. Suppose
we replace the points z3; forallt =1,...,m = [%] by z3; = (@3i,y3 + L). Then
the height of any triangle containing one of these new points becomes arbitrarily large when
L grows. If m < [ ] then 24, always belongs to 3 triangles. Because 3m > (n—1) —[a(n—2)]
it follows that Q¢

vertex, so that Qg

will explode. If m = [ﬂ], each triangle has exactly one contaminated

adj 3

of course becomes unbounded as well.
We can also verify that & (Qg,;) > m/n. Indeed, when we replace at most m — 1 points,
they can at most change 3(m — 1) heights. Now 3(m — 1) < (n —2) — [a(n — 2)], so that at
least [a(n — 2)] heights remain bounded. We may thus conclude that &, (Qqy) = m/n.
For the proof of the implosion breakdown point, we construct a new sample 7' by setting
Ziyg = Zigr fori =1,...,m = [[04(737—2)}" Then h(z;, zit1, 2i49) = 0 = h(zit1, 2}, 9, 2i43) for
alli =1,...,m. So at least [a(n — 2)] heights become zero, hence Q%

agi = 0. This implies
that £, (Qgq) < m/n.
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Finally, we need to show that e (Qg;) > [M] /n. This is based on the fact that
by replacing m points at most 2m heights can become arbitrarily small. To prove this we

consider two situations :
1. a replaced point belongs to 3 triangles, for the remainder formed by original points.
2. two replaced points together belong to 5 triangles of otherwise original points.

In both situations we can prove that at least one height of these new triangles has to be
larger than a positive constant d; which only depends on the original sample. This result is
due to the fact that no three original points are collinear. As in the proof of Theorem 2 we
will leave out the details. In all other situations £ new points belong to at most 2k triangles,
in accordance with the claim above. Putting 8y = min;j<j, h(z;, zj, ) and 6 = $min{d;,d,}

we find that when replacing at most m = [M} — 1 points it holds that Qg, > 30 > 0.

Because ¢7(Q5,) = 5% and e (Q%) = § we can easily sce that
e (Qag)=min{e™(Q5y),e7 (Qay)} is at its highest when a = 0.4, in which case
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