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Abstract

The location depth of Tukey (1975) is a multivariate generalization of rank, and
leads to a multivariate median known as the Tukey median. Recently, Rousseeuw and
Hubert (1999a) introduced a notion of depth in the regression setting. It provides the
‘rank’ of any line (plane), rather than ranks of observations or residuals. In general,
depth is an integer assigned to a candidate fit relative to a data set. Both in location
and in regression, the depth of a fit can also be defined with regard to a population
distribution. In this paper we explore the analogies between location and regression
depth. We compute the depth functions at elliptical distributions. We compare the
lower and upper bounds for the maximal depth. We also consider the robustness, the
asymptotics and the computation of the deepest location and the deepest regression.
Finally we introduce the notion of centrality, which is a more quantitative version of
depth that leads to affine equivariant estimators of location and regression with 50%

breakdown value.
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1 Introduction

The notion of location depth was proposed by Tukey (1975) as a graphical tool to picture
bivariate data clouds, and as a multivariate generalization of rank. The deepest point is
a kind of multivariate median (Donoho and Gasko 1992), the depth of which reflects the
degree of angular symmetry in the data.

Rousseeuw and Hubert (1999a) extended the notion of depth to the linear regression
setting. For this they proposed a unifying concept of depth, from which both location depth
and regression depth can be derived. In Section 2 we recall this general definition of depth,
and explain the relation with location and regression depth. In the population case, we look
at the depth functions of elliptical distributions.

Section 3 concerns the maximal location and regression depth. We compare the lower
and upper bounds in both settings. Section 4 is devoted to the fit with maximal depth. We
show that the robustness properties and the asymptotics of the deepest location and the
deepest regression are very similar, both in the finite-sample and in the population case.
Section 5 compares the computation time of the location and the regression depth, and of
the deepest fits.

Finally, in Section 6 we introduce the new notion of centrality. Both in location and in
regression, the most central fit estimator is an affine equivariant estimator that has a 50%

breakdown value.

2 Location and regression depth

2.1 A general definition of depth

Rousseeuw and Hubert (1999a) proposed a general definition of the depth of a (candidate)

fit 0 relative to a given data set Z,.

Definition 1. The depth(6, Z,) is the smallest number of observations of Z, that would

need to be removed in order to make 6 a nonfit.

In the population case, we ask how much probability mass needs to be removed. A
particular depth function is thus equivalent to the definition of a nonfit (since nonfits are
exactly those fits with zero depth). The definition of a nonfit will depend on the statistical

framework.



2.2 Location and regression depth at finite samples

When estimating location, the data set X,, consists of n observations in R”’. Any 0 € R? is

then a candidate fit for the center of the data.

Definition 2 (Location). We call § € R” a nonfit for a given data set X,, C RP iff 0 lies

outside the convex hull of X,,.

For p = 1, the convex hull is just the interval spanned by the data. Definition 2 is
equivalent to saying that there exists an affine hyperplane through 6 with all observations
strictly on one side and none on the other side. Tukey’s location depth (1975), which we
will denote by ldepth(6, X,,), is defined as the smallest number of data points contained in
a closed halfspace of which the boundary passes through 6. Therefore, Definitions 1 and 2
immediately yield Tukey’s location depth.

The deepest location is now defined by
T (X,) = argmax ldepth(0, X,,) (1)
0

and often called the Tukey median. If there are several solutions to (1), their average (i.e.
their center of gravity) is taken. Note that for p = 1 the Tukey median becomes the sample
median. For general p, the deepest location can thus be seen as a multivariate median.

In (multiple) regression the data set is of the form Z, = {(zi,...,%ip 1,4:)%1 =
1,...,n} C R’. We denote the z-part of each data point by z; = (z1,...,%,-1)" € R
We now want to fit the y; by

91£Ei1 + ...+ Hp—ll'i,p—l + Hp

that is, by an affine hyperplane in RP. Here again 6 = (y,...,0,)" € RP.
Following Rousseeuw and Hubert (1999a) we say

Definition 3 (Regression). A candidate fit § = (6y,...,6,)" is called a nonfit to Z, iff
there exists an affine hyperplane V' in z-space such that no z; belongs to V', and such that

r; > 0 for all z; in one of its open halfspaces and r; < 0 for all x; in the other open halfspace.

The regression depth of any hyperplane 6 now follows immediately from Definition 1. As

in the location setup (1) we can now define the deepest regression estimator:

T

T (Z,) = argmax rdepth(0, Z,).
0



If there are several 6 with that same rdepth, the average of those # is taken. Analogously
to T;" we can see T)" as a kind of regression median. Note that T, estimates the regression
coefficients 0y, ..., 0, without estimating any scale parameter, just like 7} which estimates
location without estimating scatter.

Struyf and Rousseeuw (1999) have proved the following relation between the location

and regression depth functions and the underlying empirical distribution.

Theorem 1. (a) The empirical distribution of any data set X,, C RP is uniquely determined
by its halfspace depth function ldepth(6, X,,).

(b) The empirical distribution of any data set Z, C R is uniquely determined by its regres-
sion depth function rdepth(6, Z,).

2.3 Location and regression depth at a population

Definition 4 (Location). At any distribution P on R? and at any 6 € R?

Idepth(f, P) = inf P(Hy,)

[[ull=1

where u is a unit vector in R? and Hy, = {z € R’;u'z > u'6} is a closed hyperplane.

In other words, the location depth of any 6 is defined as the smallest population mass of
P contained in a closed halfspace with boundary through 6.
Let us consider elliptical distributions P, 5, with density

g((x =)'z = p))
det(X)

fus(z) = (2)

with € RP and X a positive definite matrix of size p. We assume the function g to have a
strictly negative derivative, so that P, s is unimodal. For spherical distributions P ;, with

marginal distribution F%; we find
ldepth(@, PO:IP) = 1 — P0’1(||9||)
Since location depth is affine invariant, it follows that

ldepth(0, P,x) = ldepth(S72(0 — 1), Po.r,) =1 — Po(|I272(0 — w)l))

1/2

where ¥7/¢ is the inverse of the symmetric square root of X.



The location depth function for the bivariate gaussian distribution Py, = Ny(0, I3) is
plotted in Figure 1. We see that the location depth function is more peaked than the bivariate
distribution itself, and that the maximum is reached at # = (0, 0)". This phenomenon occurs
at various other distributions. This is nicely illustrated in Rousseeuw and Ruts (1999) where

the ldepth function of many population distributions is computed and plotted.

Figure 1: The location depth function at the bivariate gaussian distribution.

We can analogously define the rdepth of a fit with regard to a distribution H.

Definition 5 (Regression). Let H be the distribution of the random variable (z,y). Then
rdepth(6, H) = min{H (y — (2*,1)0 < 0 and z'u < v) + H(y — (2",1)0 > 0 and z'u > v)}
where the minimum is over all unit vectors u € RP™" and all v € R with H(z'u = v) = 0.

Let us compute the regression depth for elliptical distributions H, s with density ac-
cording to (2). Since regression depth is regression, scale and affine invariant (according
to the definitions in Rousseeuw and Leroy 1987), it suffices to study the depth at spheri-
cal distributions Hy 7,. From Van Aelst and Rousseeuw (1998) it follows that the minimal
amount of probability mass that has to be removed to make # a nonfit is the probability
mass passed when tilting the fit § around the intersection of # with 7)(H) until § becomes

vertical. The direction in which to tilt € is such that 6 does not pass 7*(H). Moreover, the
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deepest regression is Fisher-consistent at spherical distributions (Van Aelst and Rousseeuw
1998). Therefore, T;'(H) = 0. We then obtain that the x-projection of the intersection
of & with T*(H) is given by z'uy = vy with ug = 04/]|0s]| and vy = —6,/||0s|] where
Os = (01,...,0,_1)". It follows that

rdepth(0, Ho1,) = Ho1,(y — (2, 1)0 < 0 and z'uy < vp) +
Hop,(y — (z',1)0 > 0 and 2'uy > vy). (3)

Figure 2 shows the regression depth function for the bivariate gaussian distribution
Hy,, = N2(0,1). Since for the bivariate gaussian distribution the probabilities Hy r,(y —
(z,1)0 < 0 and zuy < vg) and Hyr,(y — (z,1)8 > 0 and xzuy > vy) cannot be computed
explicitly, we approximated them by means of numerical integration. The regression depth
is a surface, with a sharp peak, which attains its maximum at (0,0). Note that this function
is not symmetric in 0; (the slope) and 6, (the intercept), which clearly play a different role

(whereas Figure 1 was symmetric).
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Figure 2: The regression depth function at the bivariate gaussian distribution.

3 The maximal location and regression depth

Following Donoho and Gasko (1992) we have



Theorem 2 (Location). (a) At any data set X,, C RP it holds that

L%-‘ < max ldepth(0, X,,) <n (4)
where the ceiling [A] is the smallest integer > \.

(b) If X,, is in general position (i.e., no more than p observations lie in any (p-1)-dimensional
affine subspace), then

max ldepth(6, X,,) < [g-‘ : (5)
(¢) For any distribution P on R? with a density it holds that

1
—— < max ldepth(6, P) <
p+17— 4

N | —

(d) If P is angularly symmetric about some § € R?, then
" 1
max ldepth(0, P) = ldepth(6, P) = 5

Note that a distribution P on R? is said to be angularly symmetric about 4 iff P(+ A) =
P(f# — A) for any cone A emanating from the origin.

Actually, the maximal depth at a given data set X,, depends on its shape. The upper
bound (5) is reached at highly symmetric data sets, whereas the lower bound in (4) is attained
at very asymmetric data sets. This property can e.g. be used to explore the skewness of a
multivariate distribution (Liu et al. 1999).

In Rousseeuw and Hubert (1999a), Hubert and Rousseeuw (1998), and Mizera (1998) it
is shown that very similar properties hold for the maximal regression depth, as summarized

in the following theorem.

Theorem 3 (Regression). (a) For any data set Z, C RP it holds that

n
< <n.
LH' 1—‘ < max rdepth(0, Z,) < n

(b) If Z,, is in general position,

max rdepth(0, Z,) < [n +p] .
(¢) For any distribution H on R? with a density, we have

1
—— < max rdepth(f, H) <
pt1l— 4

DN | —



(d) If H has a strictly positive density function on R? such that med(y|z) = (2, 1) for some
0 c RP, then

_ 1
max rdepth(0, H) = rdepth(6, H) = 3"

The lower bound 1/(p+1) in (c) is reached when all probability mass of H is concentrated

2

on the 'moment curve’ {(u,u?,...,u”);u > 0}. For simple regression (p = 2) the maximal

regression depth can therefore be used as a test of linearity versus convexity/concavity

(Rousseeuw, Van Aelst and Hubert, 1999).

4 The deepest location and the deepest regression

The deepest location 7} and the deepest regression 7' both appear to be highly robust
estimators having similar properties. Let us first compare their breakdown values. Roughly
speaking, the breakdown value of an estimator with regard to a data set X,, or a distribution
P is the smallest fraction of X,, or P that needs to be replaced to carry the estimator

arbitrarily far away. (For background on the breakdown value, see Rousseeuw and Leroy

1987).

Theorem 4. (a) (Donoho and Gasko, 1992) At any data set X,, C RP, it holds that

1 1
o (TP, X,) > —[ n ] ~
n|p+1 p+1

(b) (Rousseeuw and Hubert, 1999a) If the z; are in general position,

1 n 1
e (1, 7,) > — —p+1)| ~ ——.
s> ([ ] =) <

The breakdown value of the deepest location and regression can thus be as low as 1/(p+1)

at some peculiar situations. However, if the original data are drawn from the model, then

the breakdown value converges almost surely to 1/3 in any dimension p.

Theorem 5. (a) (Donoho and Gasko, 1992) Let X,, be a sample of size n from an absolutely

continuous angularly symmetric distribution on R? (p > 3). Then

as. 1
(1), X,) — -

n—oo

(b) (Van Aelst et al., 1999) Let Z,, = {(z1,v1),- .., (Zn, Yn)} be a sample from a distribution

H on R? (p > 3) with a density, which satisfies med(y|z) = (', 1)6 for some 0. Then

a.s. 1
er(Tr, Zy) —— =

n—oco 3



Moreover, we see that also in the population case the breakdown value of the deepest

location and the deepest regression is 1/3.

Theorem 6. (a) (Zhang, 1998) If P is angularly symmetric about some 6,

1
(17, P)= -.
(b) (Van Aelst and Rousseeuw, 1998) If H has a strictly positive density function on RP that

satisfies med(y|z) = (', 1)@ for some 6, then
(TP H) = ~.
3

Another measure of robustness of an estimator is the influence function, which measures
the effect of adding a small amount of contamination at a single point (Hampel et al.
1986). The influence function of the deepest regression was recently obtained (Van Aelst
and Rousseeuw, 1998). It is a bounded and piecewise smooth function. For location however,
the influence function of the Tukey median is not yet known.

Recently, He and Portnoy (1998) and Bai and He (1998) studied the asymptotic distri-
bution of the deepest location and regression in p dimensions. They proved that the limiting
distribution of both estimators depend on a Gaussian process. Since the moments of this
distribution are not yet known, the asymptotic efficiency of both methods is still an open

question, but some simulations have been carried out.

5 Computational aspects

The time complexity for the computation of the location depth or the regression depth of a
fit are tabulated in Table 1.

In two dimensions, both the location depth and the regression depth of a fit can be
computed in O(nlogn) time (Rousseeuw and Ruts 1996, Rousseeuw and Hubert 1999a).
These results were used by Rousseeuw and Struyf (1998) to construct O(nP~'logn) time
algorithms for ldepth(, X,,) and rdepth(6, Z,) in any dimension p. Since this is too slow for
large n and/or high p, the latter authors have also proposed approximate algorithms. For
location they obtain a complexity of O(mp?® + mpn) time, and for regression a complexity
of O(mp?® + mpn + mnlogn) time. Here the parameter m can be chosen by the user, and

determines the accuracy of the approximation.

8



Table 1: The time complexity of currently available exact and approximate algorithms for

the location depth or the regression depth of a fit.

dimension ldepth(0, X,,) rdepth(0, Z,)

p =2 (exact) O(nlogn) O(nlogn)
Rousseeuw and Ruts (1996) | Rousseeuw and Hubert (1999a)

p > 2 (exact) O(n?~'logn) O(n?~!logn)
Rousseeuw and Struyf (1998) | Rousseeuw and Struyf (1998)

p > 2 (approx.) O(mp® + mpn) O(mp® + mpn + mnlogn)
Rousseeuw and Struyf (1998) | Rousseeuw and Struyf (1998)

To compute the deepest location in two dimensions, an algorithm with time complexity
O(n*log®n) was constructed by Rousseeuw and Ruts (1998). It is expected that a faster
algorithm should be possible. Van Kreveld et al. (1999) constructed an algorithm for the
deepest regression in two dimensions in O(nlog®n) time, which is close to linear. They
considered the problem in the dual space, i.e. the fit space. Indeed, there is a nice relation
between regression depth and arrangements of hyperplanes (Rousseeuw and Hubert 1999b).
Therefore, several techniques from computational geometry have been used to construct this
fast algorithm.

A naive exact algorithm for the deepest location in p > 2 dimensions would require to
compute the location depth at all intersections of p hyperplanes through p observations. For
this we need O(n*~'logn) time. In regression we have to compute the regression depth of
all O(n?) fits through p observations and keep the one(s) with maximal depth. This yields
a O(n? llogn) time algorithm for the deepest regression. To speed up the computation,
approximate algorithms have been constructed by Struyf and Rousseeuw (2000) for location
and by Van Aelst et al. (1999) for regression. The complexities of these algorithms can be
found in Table 2. Here again the default values of the parameters k£ and m can be increased to
improve the accuracy of the algorithm, or they can be decreased to speed up the computation.

In regression, the value h denotes the number of iterations until convergence, and is bounded



Table 2: Time complexity of currently available algorithms for the deepest location and for

the deepest regression.

dimension T Tr

p = 2 (exact) O(n?log®n) O(nlog®n)
Rousseeuw and Ruts (1998) | van Kreveld et al. (1999)

p > 2 (exact) O(n*~tlogn) O(n**~1logn)

p > 2 (approx.) O(kmnlogn + knp) O(p?n + hpn + pnlogn)
Struyf and Rousseeuw (2000) | Van Aelst et al. (1999)

by 300.

6 Centrality

In Theorem 4 we saw that the breakdown value of the deepest location and regression es-
timators decreases as p increases, at least at some special configurations. It can be argued
that this is due to the fact that ldepth and rdepth depend only on a kind of combina-
torial structure, in the sense that they are invariant to ‘order-preserving’ transformations
(see Rousseeuw and Hubert 1999a, Section 8). To obtain a higher breakdown value for any
configuration we therefore need to go beyond the qualitative information contained in the
multivariate ranking. In location this can be achieved by the minimum volume ellipsoid esti-
mator and the minimum covariance determinant estimator (Rousseeuw 1985, Rousseeuw and
Van Driessen 1999a), which use the quantitative notion of volume and attain a breakdown
value of 50%. In regression, we can for instance use the least trimmed squares estima-
tor (Rousseeuw 1984, Rousseeuw and Van Driessen 1999b). Note that the latter method
uses quantitative information, namely the absolute values of the residuals, whereas rdepth
depends only on their signs.

Here we will construct a more quantitative version of depth, which we will call
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centrality. In location, we define the centrality of some 6 € RP relative to X,, C RP as
leent(0, X,,) = Hiﬂf M,/ (M; + | med u'(z; — 0)]) (6)
ul||=1 ?

where M, (in which ‘I’ stands for location) is given by
M; = med |u'z; — med u'z| (7)
i j

and does not depend on . Both (6) and (7) use quantitative information. Clearly, lcent is
a dimensionless quantity between 0 and 1, like ldepth. The more 6 is centrally located, the
larger lcent(0, X,,) becomes. This suggests the most central fit estimator, given by
TH(X,) = arggnax leent (0, X,,). (8)
Note that this is a robust estimator because we have used a robust measure of centrality.
In fact, for § = z; there is a relation between lcent(z;, X,) and the ‘outlyingness’ of z; as
defined by Stahel (1981) and Donoho (1982). They used the outlyingness of z; to compute
a weight w(z;), yielding the Stahel-Donoho estimator which is a weighted mean of the ;.
The new estimator 7/ in (8) is more radical in that it looks for the ‘innermost’ candidate
fit. One could also measure centrality in a nonrobust way, e.g. by replacing the univariate
medians in (6) and (7) by averages, but then the deepest fit 7)¢(X,) becomes X, which has
a zero breakdown value.
In regression we define the centrality of a candidate fit 0 relative to Z,, C RP as
reent(0,Z,) = inf M,/ <M,« + ‘med _nl6) ) (9)

[lul/=1 i utr; — o
vER

where this time
M, = med |y; — med y;|/ med |u'z; — v|.
i j i

Again rcent(f, Z,) lies between 0 and 1, and it measures how well 6 fits the data. The most
central fit regression estimator becomes
T:(Z,) = argmax rcent(6, Zy,).

0
Note that Icent, T}, rcent, and 7)° can also be computed for population distributions. The
following theorem shows that the maximal centrality (like the maximal depth) measures how

well the data can be fitted.
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Theorem 7. (a) If the distribution P on R? is angularly symmetric about some 6 then
max lcent(0, P) = lcent(d, P) = 1.

(b) If H satisfies the conditions of Theorem 3(d) then

max reent(0, H) = rcent(0, H) = 1.
Proof. (a) Since P is angularly symmetric, and has a density, P(Hy,) = P(int Hy,) =
P(int Hy_,) = P(Hy,_,). Therefore medp(u'(z — )) = 0, hence (6) yields lcent(d, P) = 1.
(b) Assume without loss of generality that § = 0. Since medy (y|z) = 0 and H has a strictly
positive density, we have for each x that H(y < Olz) = H(y < 0lz) = H(y > Olz) = H(y >
0|z). Take now any unit vector u and any number v, then u'x —v > 0 or u'z — v < 0 (since
H(u'z =v) =0. If u'x — v > 0 then H( < 0|z) = H(+— < 0lz) = H(y < 0|]z) =

utz—v — utz—v

H(y > 0]z) = H(+— > 0Jz), so medy (- |r) = 0. The same holds for v and v that

utz—v utz—v

satisfy u'x — v < 0. Therefore, (9) yields rcent(0, H) = 1.

In general, it holds that:

Theorem 8. (a) The most central location estimator T is affine equivariant and has a 50%
breakdown value.
(b) The most central regression estimator 7 is regression, scale, and affine equivariant, and

has a 50% breakdown value.

Note that for univariate data 7} becomes the sample median. Therefore T} is a multi-
variate generalization of the median which inherits the 50% breakdown value and is affine
equivariant. This follows from the fact that 7 corresponds with one of the projection es-
timators of Tyler (1994, formula (3.8)). To our knowledge, it is the first such multivariate
median.

Analogously, for univariate data (i.e., all z; = 1) also T becomes the sample median of
the y;. Therefore T generalizes the median to multiple regression, again inheriting the 50%
breakdown value while satisfying all the equivariance properties. Note that 7,7 belongs to

the class of projection estimators of Maronna and Yohai (1993).
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Remark. The key quantity in (6) is | med; u’(x; — 0)| which depends on 6. A qualitative

analog is the smallest number of u'(z; — #) on either side of zero, yielding

inf min I(u'(z; — 0) > 0) I(u ) < 0) p = ldepth(6, X,
it {z ' Dokl >} 10, X,)

which recovers the location depth. Starting from (9), we analogously find

|11L?f1m1n{zzz:l ut:v — ZI ut:EZ—v O)} = rdepth(0, Z,,)

=1

which recovers the notion of regression depth.
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