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Abstract. The objectives of a robust statistical analysis and of an extreme
value analysis apparently are contradictory. Where the extreme data are
downweighted in robust statistics, these observations receive most attention
in an extreme value approach. The most prominent extreme value methods
however are constructed on maximum likelihood estimates based on specific
parametric models which are fitted to exceedances over large thresholds. So
within an extreme value framework some robust algorithms replacing the max-
imum likelihood part of this methodology can be of use leading to estimates
which are less sensitive to few particular observations. This study is motivated
by a soil database quality management project, where in the background of
Pareto-type tails, automatic identification of suspicious data is needed.

1. Introduction

In agriculture, a new concept of crop management has emerged, permitting within-
field variation of crop techniques as, for instance, the adjustment of fertilizer inputs
on the basis of soil sampling and analysis. The development of these techniques
has greatly increased the demand for soil data and Laboratories are burdened
with large data sets, which inevitably cause concern about outliers and quality
of the information. Therefore, automatic outlier detection methods have become
a necessity in the database management in order to provide high quality data to
Laboratories. The present paper studies Ca and pH records from the Condroz re-
gion in Belgium (1505 observations, Goegebeur et al. (2002)). The Ca distribution,
conditional on pH-level, appears to be right-skewed and long-tailed, resulting in
rather frequent large Ca measurements, as can be seen in the scatterplot of Ca
versus pH (given in Figure 1). Robust statistical procedures which assume that the
regular data points are sampled from a normal distribution will flag too many large
observations as outliers. Such long tailed data can be analysed more efficiently in
the framework of extreme value theory. We will present a method which, in the
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context of a model with heavy tails, allows to point out potential outliers which
need to be investigated before further analysis can be done.
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FIGURE 1. Scatterplot of Ca versus pH for one of the communities
of the Condroz region in Belgium.

2. Extreme value statistics

In extreme value statistics the extreme value index (or tail index), denoted by =,
is used to characterize the tail behaviour of a distribution. This real-valued pa-
rameter helps to indicate the size and frequency of certain extreme events under
a given probability distribution: the larger ~, the heavier the tail.

Consider X1,..., X, independent and identically distributed (i.i.d.) random vari-
ables with common cumulative distribution function F' and quantile function Q.
Denote the corresponding order statistics by X;, < ... < X, , and suppose that
the properly centred and normed sample maxima X, , = max{Xq,...,X,} con-
verge in distribution, for n — oo, to a non-degenerate limit. This limit distribution
is necessarily of extreme value type. Indeed, sequences of constants a, > 0 and
b, € R can then be found such that

Xn n - bn
(2.1) lim P(’ < x) =H,(x),
n—oo Qpn
with
@m(—(1+vwf%), L+~z > 0,7 #0,
(2.2) H,(2) =

exp(— exp (—x)), reR,y=0.
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If (2.1) is satisfied, then F' is said to belong to the maximum domain of attraction
of H,, denoted as F € D(H,).

Distributions F' for which v > 0 are called Pareto-type (or heavy-tailed) distribu-
tions, i.e. F(x) = 2~/ (x) with I a slowly varying function. The Gumbel class
of distributions with v = 0 is a quite extensive class of distributions, mainly with
exponential decreasing tails. The Weibull class, with v < 0 consists of distribu-
tions with a finite right endpoint = for which F(z, — 1/2) = 2/l (x) with I
again a slowly varying function. A general reference on extreme value statistics is
Embrechts et al. (1998).

We will concentrate on Pareto type distributions, i.e. distributions for which there
exists a v > 0 such that F(z) = 2~/ p(x) or, U(z) = 271y (z) with g, Iy slowly
varying functions and U(z) = Q(1—1/z) with @ the quantile function of F. As for
slowly varying functions lp(tx)/lp(t) — 1 for all x > 0 and ¢t — oo, the conditional
distribution of relative excesses P(3 > x | X > t) converges to 2~ /7 for all 2 > 1.

A graphical tool for checking Pareto type behaviour is the Pareto quantile plot. As
log-transformed Pareto distributed random variables are exponentially distributed,
the hypothesis of strict Pareto behaviour can be verified by looking at an exponen-
tial quantile plot based on the log-transformed data, leading to a Pareto quantile
plot

1
(2.3) <log (%)JOgﬂﬁanrl,n), j=1,...,n.

For Pareto type distributions, since U(x) = 271y (x), it follows that
(2.4) logU(z) = vlogx + logly(x).

Since logly(z)/logxz — 0 as x — oo we have that logU(z) ~ ylogx as x — oo,
which implies that for Pareto type distributed data, the Pareto quantile plot, ul-
timately for the smaller j-values, shows a linear behaviour, with slope ~.

In Figure 2(a), the Pareto quantile plot is shown for the variable Ca for one of
the communities in the Condroz database. The last seven observations that do not
follow the ultimate linearity of the rest of the Pareto quantile plot can be considered
as outliers with respect to the Pareto model. As can be seen from the Ca versus
pH scatterplot given in Figure 1, extreme Ca measurements tend to occur more
often at higher pH levels, justifying a tail analysis conditional on higher pH levels.
In Figure 2(b), the Pareto quantile plot is shown for the variable Ca, conditional
on pH-levels from 7 up to 7.5 (428 observations). Now, six observations can be
indicated as possible outliers with respect to the Pareto model. We will use the
data set with pH-levels from 7 up to 7.5 in the sequal.
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FIGURE 2. Pareto quantile plot of Ca for the Condroz data (a)
not taking into account pH and (b) conditional on pH-levels from
7 up to 7.5.

The problem of estimation of the extreme value index, and of extreme quantiles
and small exceedance probabilities, in case the distribution is of Pareto type, has
been studied in great detail in the recent literature. Hill (1975) introduced the
estimator

el

K
(2.5) Vi, H = Zlog Tp—jtin — 108 Tn_km
=1

or, equivalently

T =

K
(2.6) Vi1 = Zj(lngnfj%»l,n —log Tp—jn).
=1

This estimator has received much attention in the literature. As the Hill estimator
measures the average increase of the Pareto quantile plot above an anchor point
(log(%), log ©,,—n) it can be interpreted as a slope estimator of the linear part
of the Pareto quantile plot. More recently several authors have recognized and ex-
ploited the potential of quantile plots in estimating v > 0 (Beirlant et al. (1996),

Schultze and Steinebach (1996) and Kratz and Resnick (1996)).

Recently, in Beirlant et al. (1999), Feuerverger and Hall (1999) and Beirlant et al.
(2002), it was proven that under some suitable conditions on the slowly varying
function Ir and for k relatively small with respect to n (i.e. k/n = o(1) as k,n —
00), the scaled log-spacings

(2'7) Yyi =1J (log-rn—j-&-l,n — log xn—j,n)> 1<j<k<n,
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approximately follow an exponential regression model

N4

J
2. avl —_— .
( 8) Yj d<’7+bn7k <k+1) )g]7

with the g; denoting i.i.d. standard exponential random variables, b, — 0 as
k,n — oo, and p < 0. From this model ~ can be estimated jointly with b, , and
p using the maximum likelihood method. In comparison to the Hill estimator, the
maximum likelihood estimator for v based on (2.8) is typically more stable over k
and performs better with respect to bias.

Figure 3(a) shows the Hill (solid line) and maximum likelihood (broken line) es-
timates for the tail index of the conditional distribution of Ca as a function of
k. On this plot, we clearly see the influence of the outlying Ca measurements on
the ~v-estimates. Considering decreasing k, then when k becomes smaller than 100
the estimates first increase drastically and then suddenly decrease for the smallest
k-values. Figure 3(b) shows estimates of the asymptotic mean squared error of the
Hill estimator

%,ML ( bk, ML )2
k 1— pr.mr

(2.9) AMSE(3o1) =

which, as in Beirlant et al. (1999), can be used as a criterion to find an optimal
sample fraction k,y; for the Hill estimator. Here, kop; is found to be 249 (vertical

line) leading to an estimate 4,z = 0.298.
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FIGURE 3. (a) Hill (solid line) and maximum likelihood (broken
line) estimates of the conditional Ca measurements and (b) AMSE
estimates for the Hill estimator as a function of &.
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3. Robust estimation of the tail index.

To obtain a robust estimate of ~y, we start by transforming the exponential regres-
sion model (2.8) to its linearized form, given by

kE+1

where e; = g; — 1. Further we specify a canonical value for p. In Matthys and
Beirlant (2000) it is shown that for most applications a p value between —2 and
0 is most appropriate. Moreover, estimates of v and b,, ; are not highly influenced
by a specific choice of p. Hence, they recommend to use p = —1 or p = —0.5.
For a fixed value of k, expression (3.1) becomes a linear regression model with
asymmetric errors of the form

(3.2) yj = 01 + bat; + oey, J=1...k,

; -P
(3.1) Yj ~d Y+ bnk (L> + e , 1<j<k<n,

N4
with t; = (k%i-l) ,e;j=g;—1,60=2,0: =0, and o = 1.

In Marazzi and Yohai (2001) high efficiency and high breakdown point estimators
were proposed for this type of regression models. In general, consider k observa-
tions (tj,y;) with j = 1,...,k and t; = (1,%9;,...,t,;)" that satisfy the linear
relationship

(33) yj:01+02t2j+~“+0ptpj+gej7 j:].,...,k,

where @ = (61,...6,) € RP is a vector of regression parameters and o is a
scale parameter. Here, the error terms e; are assumed to be ii.d. as a ran-
dom variable e with cdf Fy;, which is the standard element of a parametric
location-scale family of asymmetric distributions with density function f , and
cdf Fio(2) = Fo,1((z — A) /o).

As a robust initial estimator for the general model (3.3) with asymmetric errors, a
corrected S-estimator for regression is suggested. The biweight S-estimate (é*, %)
of (6,0) with 50% breakdown value is defined by 6* = arg mingSy,, (8) and 6* =
Sy (8%). For a given 6, S,,,(6) is an M-estimator of scale of the residuals, as the
solution of

k
(3.4) k%p meo ((y; —t0)/S) = 0.5
j=1

with respect to S (Rousseeuw and Yohai (1984)). The function x,, and the con-
stants ag and mg are defined by

2 _ zm4 z/m i z m
(3.5) Xm(z):{ 515(Z/m) 3(z/m)* + (z/m)° é }ziim

and satisfy [ ¢m,(z — ao)fo,1(2)dz = 0 and [ xm,(z — ao) fo,1(2)dz = 0.5, where
Uy = d%xm. A consistently corrected S-estimate for @ and o is then given by
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9?2@{—&*%, égzé;‘ for j =2,...,pand 6° = &*.

Next, a reweighting step is applied, as proposed in Rousseeuw and Leroy (1987).
Observations whose standardized residual r; = (yj - t;éo) /6% has a large nega-
tive log-likelihood p; = p(r;) = —log(fo,1(r;)) have a small likelihood under the
model Fp; and can be flagged as outliers. They are given a weight w; = I(, <),
where I denotes the indicator function, and 7 is a large quantile of the cdf of p(e).
Finally, the maximum likelihood estimates of (8, 0) in model (3.3) are computed
on the data points with w; = 1.

When we apply this robust procedure to (3.2) we obtain preliminary estimates
(69,09),69 and standardized residuals

<yj — 69— 8 (,;g)’p)

5—0

(36) ry =

Note that the constants ag and mg that are used in the definition of the S-
estimators are found to be ag = —0.5700 and kg = 0.9466. From the model cdf
Foi(2) =1 —e G+ for z > —1, it follows that p(e) is standard exponentially
distributed, hence we set 7 = —log(1 —0.95), the 0.95-quantile of the standard ex-
ponential distribution. Of course, also other quantiles could be considered as well.
We now indicate the zero weight log-spacings y; as outliers and remove the corre-
sponding z; from our data set. More precisely, let y; be the outlying log-spacing
with largest index, then all z; with n —J+1 < i < n are flagged as outliers under
the Pareto model.

4. Application

The results after applying our proposal to the Condroz data, are depicted in Fig-
ure 4. Note that we have set p = —1 in (3.1). We have also tried some other values
of p between —2 and 0 but this did not change the result. The broken black line
shows the maximum likelihood estimates after removal of the outliers that were
found for each k, whereas the solid black line exposes the Hill estimator on the
same reduced data sets. On this plot we have also superimposed (in grey) the ML
and Hill curves of Figure 3 that are based on the full data set. We see that both
robust curves yield much lower estimates for the tail index. Moreover they are
rather constant for intermediate values of k, which gives support to the Pareto
model assumption. For very small values of k, the estimates are however still not
stable. This is due to the small number of observations in the regression model
(3.2), where even an estimator with 50% breakdown is biased in the presence of
outliers.
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Gamma

FIGURE 4. Hill (solid line) and maximum likelihood (broken line)
estimates of the conditional Ca measurements after rejection of
the outliers found for each k, together with the Hill (solid grey
line) and maximum likelihood (broken grey line) estimates before
rejection.

It is observed that our method found six outliers for most k values, except for the
smaller ones. The dark vertical line in Figure 4 is set at k,,+ = 85. To obtain this
optimal sample fraction for the Hill estimator, we computed its AMSE as in (2.9).
Since not all the ML estimates were based on the same data set for all k, here the
ML estimators were computed on the data set after the six largest observations
were removed. The AMSE curve, shown in Figure 5, attains its minimum at kqpe =
85, from which A = 0.177 follows.
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FIGURE 5. AMSE estimates for the Hill estimator after rejection
of the six largest observations.
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Figure 6 shows the p; = p(r;) for the regression data (¢;,y;) from model (3.2)
for k = kopy = 85, together with the cut-off line that separates the outliers from
the regular observations. We see that tg is the observation with largest index that
exceeds the cut-off, hence six observations are flagged out as being unlikely under
the Pareto model. This confirms our findings from the Pareto quantile plot in
Figure 2(b).
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|
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FIGURE 6. The p(r;) for the regression data (t;,y;) from model
(3.2) with k = 85 together with the expected value and cut-off
line that separates the outliers from the regular observations.

5. Conclusions and outlook

In this paper we have introduced a new robust estimator of the tail index of Pareto
type distributions. It is obtained by applying a robust regression estimator for a
linear model with asymmetric errors to scaled log-spacings. When we applied this
method to Ca and pH measurements from the Condroz region in Belgium, we
could easily identify the outliers that were also seen on a Pareto quantile plot, and
we obtained a much lower estimate of the tail index.

In our further research we will study this robust estimator in more detail. We
will investigate its breakdown value, its influence function and its performance at
simulated data sets.

As a different approach, we will also study the application of a robust regression
estimator to the Pareto quantile plot data (2.3). In particular we will consider
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the deepest regression method (Rousseeuw and Hubert (1999)) as it yields con-
sistent estimates under heteroscedastic error distributions. Nonconstant variances
are likely to occur in quantile plots.
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